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Tutroduction

This paper is an exposition of some of the ideas that
T have been pursuing as part of the honors program in physics
at Stanford university. It concerns some very recent (all
within the 1aét ten years) ideas that apply topological con-
cepts to various areas in physics. Though a number of the
ideas and derivations within are my own, my major contri-
bution has been to bring together in one place ideas that
are scattered all over the literature. T have tried to present
things in a self-contained fashion (with the exception of
differential forms which were useful in examples at several
points but not central enough to warrant a full exposition).
This has been a very useful exercise for solidifying my
understahding of the various topics.

Tn the first section 7 discuss the structure of physical
theory and the possible réie of topology, using the various
forms of Maxwell's equations’as an example. The second sec-
tion gives some of the background topological ideas used
later. The third gsection discusses the intuitively appealing
topological excitations that appear in one-dimensional field
theories and shows why they don't straightforwardly appear
in higher dimensional theories. Therefore the fourth sec-
tion develops the general structure of gauge theories within
which they can appear. The fifth section demonstrates a
number of topological objects that can appear in gauge field

theories. The last section shows a similar phenomenon in
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statistical mechaniecss First various features of the Tsing
model are discussed. The ré&e of vortices with non7triv1a1
topological winding nupber in the phase transitions of the
X-Y model and a variety of other systems then concludes

this discussion.

T would 1like to thank Dr. Leonard Susskind for being

my adviser and for teaching me a lot about physics.
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L I. Why might_topology be_relevant_to_physics?

How is physics possible? A priori one might expect that
one would need at least one ﬁark on the paper for every event
in the world that one is attempting to describe. In such a
situation the world would be easier to comprehend than any
description. The way that physics gets out of this tangle
is through the observation that there are aspects of the world
which are the same. It is possible to describe the similarity
between events in mich less space than a description of all
the events 1nv01véd. Through many applications of this process
one arrives at its quintessentialbversion in the concept of
universal physical law and the~enterprise of physics is on.

From such a perspective, the task of physics is to find
and describe the similarities in the structure of the universe.
What is the appropriate language for such a description? First
,attémpts might be to try to symbolize identical events . Such
attempts are bound to fail for)by definitioqjan exact total
symmetry is not observable. If two events don't differ in any
aspect they are indistinguishable. What is needed is a more
subtle description which can capture)for example)the similarity
of two events at different places or the similarity only in
shape of a red and a blue marble. |

The key 1s to shift attention from the events which are
similar to the set of all transformations under which the
symmetry involved is invariant. Tt is a remarkable fact that

one may abstract a small number of common features of these
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sets which serve to characterize them exactly. Objects with
these features had arisen in the theory of equations and
mathematicians calleq them groups. Some of thelr properties
were known to Lagrange in 1800, but the first abstract definition
was given in 1849 by Arthur Cayleyl. A group is a set G with a
"multiplication" defined so that the product of two elements of
G 1s again an element of G and the following axioms are satisfied:
1. If a,b,c G then a(be)=(ab)e
2. There 1s an identity element etG such that for any

a¢G it 1s true that: ase=ea=a

3. Given any atG there exlsts an element &'¢G so a” {

la=ad" =e
One can easily see‘that symmetry transformations satisfy these
axioms (with doing nothing as 1deﬁtity and undoing a transformation
as its inverse). Further, most types of groups show up in phyéics
so the characterization is a good one. From thiszs simple beginning
has developed an enormous mathematical subject. A lot of the |
concepts developed have direct rélevance to the physical situation
(e.g. subgroups, quotient groupé, product groups, and homomorphisms
which are maps between groups which preserve the product). Some .
examples:ofwsymmetry“groups are the Poincare’group, the Galilean
group, thelr common subgroup: the rotation group, isospin rotation
and various other particle symmetries, crystallographic point
groups and permutation groups of identical particles. We'll see
other uses for:groups shortly. |
Symmetry arguments give qualitative information (whi&h is
what we're ultimétely‘after anyway) like selection rules and

possible gquantum numnbers. They are therefore at the high-level

end of the spectrum of levels of description. When we wish to
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talk about individual objects or examples it is convenient to
break the symmetry of the high-level description. Thus we
introduce coordinate systems, 1abél identical particles,
work in particular gauges, réference frames,and representations,
‘and introduce explicit generators for our groups, bases for our
vector spaces and phase conventions all over. We then add the
requirement that nothing physical can depend on our cholce.
Description on this level is often mechanically easy to deal
with énd is crucial for explicit calculations. Such conveniences
are irrelevant to the physics, however. As the systems get
more complex such descriptions get increasingly unwieidy and
more‘and more of the formalism becomes irrelevant to the physical
situation at hand.

It is for this reason that some powerful methods for
"coordinate~free" high-level description have been developed.
We find that when described in a coordinate free manner, physics
looks simple. Often it is considerably easier to see what's
going on at this level and more high-level concepts are expressible.
A few examples are in order: In quantum mechanics the Heisenberg
version-.of ‘matrtx mechanics or the Schrédinger wave mechanics
are well-suited for specific problems but necessitate a large
number of special cases. These get unified in the Dirac bra and
ket notation. Another example is special relativity which has
lots of complicated special cases which unify when things are
expressed as b-vectors in spacetime,

For an explicit example, we 1look at the development of
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the vacuum Maxwell's equations. Maxwell's original version

consisted of 8 partial differential equations and & more to

define the potential:

%%+3£4.+%%:L/77—/0 %%‘f%%-fé_%:o
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This was the form Einstein used in the 1905 special relativity
paper. In this form the relativistic transformation properties

are an un-intuitive mess.

Next came the spatial coordinate-free version which 1is

now standard:

<.]L
csl
@

V-E=4rp

— eq - = 2 DA -
VxB-+3=17 VxE+T 55 =0
8- -2 77T

= <«
Symbols like VandE and the concept of div, grad, and curl
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eliminate arbitrary coordinates and provide us with new
higher-level concepts. Vector analysis was still treated
with caution by some in the 1940'3!3‘

Next came the fully‘relativlstic tensor notation:

%A, A, F Y3 Y
Ew"?}i%\“ i ‘3“3:‘;!* a:« “0 I J

Here the electro-magnetic unification becomes apparent as does
the relativistic invariance. But we still have particular indices
and coordinate transformation matrices etc. cluttering up the
congepts.

In the 1920's and 1930's Elie Cartan and his coworkers
developed coordinate~free notation for differential geometry.
This finally came to be used in theoretical physics about 15
Y

years ago. In this notation Maxwell's equations are:
F=dA AF=0 oA*F=%T

Here the A and J are one-forms (covariant vector fields) and

F is a two-form (covariant anti-symmetric second rank tensor

- field). Tﬁe~d operator is a beautiful example of a high-level
notion unif&iﬁg lots of seemingly disparate lower levels. It
is the dual notion (talks about functions of the object it is
dual to) to the boundary»operatér ) (give it a manifold and it
returns the boundary)} An n dimensional manifold and an n-form
contract via integration to give a number. The duality is
manifest through the generalization of Newton's, Gauss's,

Green's and Stoke's Theorems:‘y ‘gdw. The 4 operator generalizes




the gradient (O-forms to l-forms), the curl (1-forms to 2-forms),
and the divergence (2-forms to 3-forms) in three dimensions.
From the general_eoncept: the boundary of a boundary is zero
(e.g. tﬁe 2-dimensional surface of a 3-dimensional solid ball
has no 1-dimensional edges) we get the general concept dd=0.
In three dimensions this subsumes: curl grad=0 and div curl=0.
Ithhe case of E&M the first Maxwell equation follows from
this purely geometric reason: ddA=dF=0. Similarly if weylet
d act on the second Maxwell eguation we obtain: dd*F=4d*J=0
which 1s Just the continuity equation for the charge-current
3~form. ’

This last example is a beautiful example of a topological
idea (these structures are the base for homology and cohomology
tﬁeory) shedding light on the physical structureé involved.

The idea is that in our conventional formulations we miss a
kind of symmetry by imposing too much structure. There are a
whole class of physically relevant properties where continuity
and not distance is the crucial factor. These properties are

the domain of topology..
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IT. What_is_topology?

- - -

"Topology is the study of topologlcal spaces and contin-
u&us functions between them.”"ﬁ topological space is a set
“of points with a notion of closeness (a specification of the
open subsete) but, in general, no notion of distance. A
large area,: called point—set topology, is devoted to the
study of properties at this level. As of now, most of this
work is irrelevant for physics and we need only consider the
very "nicest" of topological spaces. Tn fact, we will deal
only with manifolds, whose local properties are like Euclid-
ean space (there is an open set about each point in the mani-’
fold that is hbmeomorphic to an‘open ball in R% and in addition
the manifold inherits the local differentiable structure). We
thus look at smoofhness and continuity but not distance. r?~‘
? Some typlical examples of manifolds afe: Euclidean spaces
(of any dimension, e.g. points, lines, planes, etc.), spheres,
open balls (solid balls without the bounding sphere), toruses
(with any number éf holes), projective planes (solid balls
‘with diametrically opposite points identified), etc. These
objlects are the elementary partigles of topology from which

more complicated things are built.

The area of topology which we will be concerned with is
the more combinatorial algebraic topology. This area had its

beginnings around 1890 with-Poincare¢, who invented a lot of
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the concepts in order to resolve questions of stability in
celestial mechanics and mechanics in genéral?' Algebraic

topology ;eally began as an "expverimental” subject, trying
to understand already existing "natural" sorts of objects.

A typical problem is to characterize properties of top-
ological objects which are invariant under continuous dis-
tortions (bending and stretching but no ripping or glueing).
Thus, for example, the "knottedness" or "linkedness" of looﬁs
of string is independent of how you bend them around (for
technical reasons one must actually consider the topology of

the space outside the string in this particular case). -

Dw & o« OO0 (K

This sort of idea has had a powerful effect on physicists

in the past since it is such an intuitively appealing way of
gétting conserved objects in discrete packets. Einstein
wanted to model elementary particles as 1little "tunnels"
between two plangs. Wheeler wanted to view electric chérges‘
(‘using:?wormholes“ connecting distant points in space, within
which were trapped lines of electric flux. One opening would

appear to be a positive charge, the other a negative charge.’

.Einstein's
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The idea is to write the equation as an equality between

the desired function and some continuous transformation there-
of« Thus we‘map continuousl& a Yegion of function space to
itself and there mist be a fixed point which is the desired
solution. * -

These theorems appear to be so general that one wonders
how one would even begin to prove them. The key idea is
contained in an area of mathematics known as category theory?
One defines a collection of objects and morphisms between them
as a category. 'One then defines maps betﬁeen categories
called functors that associate‘structures from different parts‘
of mathematics in a well defined way. In our case, topological
structures get mapped into algebraic ones. Amazingly, complicated
problems on the topology side sometimes turn into tractable

‘algebraic problems. The structure looks like:

Tategory in

i ALGEBRA

TOPOLOGY
topological ' LR
spaces ‘ groups
- objects’ in ¥ //ﬂ
NI N\
continuous group
maps » homomorphisms

rg morphisms 1in )
category

The main two examples of this map are homology theory

*

and homotopy theory. We have already seen one example of

homology (cohomology) theory ideas applied to differential
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forms. In homology theory, given a topological space X, one
defines a group Cn(X) of finite chains for each dimension n.
The elements of Cn(X) are linear combinations with integer

A coefficients of maps from n-dimensional oriented tetrahedra
into X,lsuch that all but a finite number of the coefficients
are zero. Thus the elements of Co are associations of integers
with points in the space; of C4 integers with directed paths;

of 02 oriented triangless of CB oriented tetrahedrons; etc.

| 4 “mcom ‘;hc,(x)
X

The group operation is poihtwise (pathwise, trianglewise,

w GX)

X

tetrahedronwise, etc.) addition of the integers with the con-
vention that opposite orientation changes the sign (so%J %4 or
RYXERYEN )e .One then defines a homomorphismh Chrl{X)—> Cpq (X)
which takes any element to its oriented boundary (so 5"~*““*§'.‘§
and éééx fo )e The image of 3 is a subgroup of cn_i(x)

called B and 1ts elements are the boundaries of n-dimensional

n~1
chains. The kernel (elements that get taken to zero) of 2 is

a subgr?up of Cn(X) called Zn and 1ts elements afe those chains
that have no boundary. We saw that the boundary of a boundary
is zero so Zn is a subgroup of Bn‘ TIf the SQacé is coﬁtractible
to a point, then all boundaryless chains are the boundary of
something in the space. If, however, there are "holes" then

chains of the appropriate dimension can go around the hole in

such a way that they have no boundary, yet are not the boundary
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e’c‘hb\}"of C with no baw«de (5»:—.(6
L of anything. Eg..éi//f endp "“ﬁSC*““3g ﬁf no i k chhain,
has it ¥ s wm{wr ( beeaiile of At?e)

l Thus we are motivated to define the nth homology group: n=Bn/Zn‘

It is a measure of the kinds of "holes"™ in the space. The
sequence of groups Hn is the algebraic objlect we associate
}kwith the topological space XEL All of these notions carry over
to differential forms where they generalize the notions of exact
l énd‘clbsed, familiar from the theory of ordinary differential
equations.

. The homotopy group map is less powerful but easier to
visualize. We begin by discussing the first homotopy group,’
5 also known as the fundamental grouﬁ, of our topological space
X. We consider maps from the oriented circle sl (in general,
é’the n-dimensional sphere S® is the set of points in g+l got-
1sfyingjg%(x“)2=1) into X such that the image includes a
given point p&X. We say that two such maps are homotopic
I if they can be continuously distorted into one another (these
Vnotions may easlly be made precise at the expense of cluttering

up the notation). Ve can easily see that this is an equi-

valence relation. For the punctured plane:

f‘7w/0/* B

The elements of the first homotopy group will be these equi-

valence classes. The product will be the class of the path
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iormed by first going along a representative'of the first class
}nd following it with a representative of the class we're taking
ihe produgt with. The identity is the class of loops contractibie
go a point. The 1nvérse of a 1loop is the class of the same

éioop taken as golng in the other direction. The resulting

3 ) 12,
group structure is denoted by na(x). With X as before:

)

We can see tﬁat the equivalenée classes may be labeled

;by the number of times we loop around the hole (positive for
;counter-clockwise, negative for clockwise, for instance). The
gfolass addition is then Just 1like addition of integers (go
jkaround twice plus go around three times equals go around

f five’times, etc.)s The plane with a hole in itkis topologically
f equivalent to the circle Sl,*so we have shownfri(sl)zz (Z 1s

f the group of integers under addition).

_ Consider the case where X is the two dimensional torus:(::D.
§ We can label the class by the number of times we loop around

the center hole and the number of times we 1oop through

it (E%». We can see that these numbers add independently
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so the group is ZXZ (the direct product of two groups AXE

is the group of ordered pairs (a,b), atA, beB, with multiplication
defined by: (a,b)(d@ﬁ)=(ad;bﬂ) )« This is a special case of

the more general theorem W,(AXB)=T,(4) X '"Z‘(B). (The torus is
slxsl.)

As another example consider the projective plane (disc
with opposite points on thé "edge" identified). We have two
,kinds of paths, those that cut an odd number of times through
the "edge" like @ or and those that cut across an even
number of times like @ or « The sum of two odd paths
is even so the group is Zz (=z/2z the group containing eleﬁents
0,1 so that: 0+0=0, 1+0=0+1=1, 1+1=0).

The above notions may be generalized to the nth homotopy
group of a spaca,written‘ﬁk(x). Everything is the same except
that instead of considering maps from Sl, we consider maps
from SP. It's not too hard to see that M(S®)=0 for n<m (you
can't lasso a basketball) and that T,(SP®)=Z (sphere can go
-once around itself, twice, etec.). Surprisingly enough, it is
not the case that M,(SM)=0 for m{n in general. This is shown
by the Hopf map: ﬂ’(82)=z. (The unit quaternions a+bi+ed+dky

al+b2+c2+d2=1 are an example of 83. Multiply by eie and you
can mix a and b and mix ¢ and 4 but not between them. Thus if
we identify all those points related by multiplication by et®
- We get two parameters and thus 52 which can now map non-trivially
: onto SZ2. ;3
Now that we have considered some algebraic topology, we

must see how 1t relates to some topological algebra. A continuous
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?group is a group that 1s)in édditioqia topological space and
;the group product and inverse are continuous functions. One
?egample is the additive group'of‘real numbers with the usual
;topology. Another important such group is U(1), the group of
écomplex numbers e16 ,ezreal, undery multiplication with the
itopology induced from the complex plane. This space 1s iso-
?morphic toksl. Almost all of the interesting topological
iaspeéts.of physics arise from the non-trivial topological
éstructure of the groups involved. Thus a lot of the richness
;of guantum mechanicé comes from the use of complex numbers,
which have a miltiplicative structure: U(1)X(B-i0}). Thus
fthe distinct Ly eigenvalues in the hydrogen atom can be viewed
gas arising from homotopically distinct maps from the SI det-
iermined by the polar angle ¢ to the S1 of the U(1) phase of
i;the wavefunction.

Most of the continuous groups in physics are in addition
? Lie groups (there is a parameter space and group operations

| are analytic'functions of the parameters) and in particular

é ﬁsually one of the classical groups. These aré Subgroups of
; the groups GL(N) of non-zero determinant NXN matrices under

; multiplicationf‘

: An important example is the 2-dimensional, unit-determinant,
;‘unitary matrices Sﬁ(?). An element U==:;) gsatisfies the .

| conditions det Usad-bo=1 and U“=U“=(:: §:)=(fc-:) so that d*=a

; and ¢*= -b implying la]2+lb12=1. So each matrix of SU(2)

? 1s assoclated with a point on the three dimensional sphere 83

(21)



é‘n‘&-dimensional space (a,b com#lex). Thus the topology of

%U(Z) is isomorphic to SB.LQ

d Another important group is that of rotations in 3-dimensions
?SO(B). We define a 3-dimensional parameter space by identifying
;fhe direction of a 1ine from the origin to the point in par-
fameter space as the axiswabenfnwh&nhoﬁetratateyis A A
fand the d;stance from the origin to the point as the angle
fabout which to rotate about this axis. We must identify the
 points ¥ and -7 along this line since they correspond to the
%same rotation. Thus the topology is that of the 3-dimensional
;projective plane (3~dimensional solid ball with diametrically
;opposed points on the surface identified). But we saw above
;that"n(P3)=Zz. Thus there are two classes of rotations which

icannotvbe continuously deformed into one another.
rebatim by ™ ébnd'fi
rokibim by 2o abet §
i paramder spice
rokds e 57 -7 abed 2

f Rotation by 2% about an axis is in the other clags from no
1 rotation at all.‘ It is for this reason that we get double-
valued representations of the rotation group and thus spinorial
quantitieé With‘half-odd integer angular niomenta.l6

It turns out thatASU(z)/Zg is isomorphic as a group and
as a tépological space to 80(3).' The above is a particular
case of the result M, (SU(N)/Zy)=Zy for N22. The embedding of

Zy in SU(N) is as eiazﬁyNI, a=0?1,...,N-1 « This result comes

(22)




about because a closed path in SU(N)/ZN must have come from
a path in SU(N) begimning at the identity T but ending on any

2 of the N elements of Zy.that get mapped to the identity. These

I+

paths are clearly inequivalent and have the group structure ZN‘

(23)



ITT. Solitons and the Sine-Gordan_eguation

Sy o Vo o

We shall now look at the way some of these topolological
concepts manifest themselves in physics. The maip idea we
shall consider is that of tbpological.excitations. These
may be thought of as non-zero energy packets trapped by the
topology of the situation. We shall see that there are also
topologicél conservation laws and so the intuitive picture
of interacting particles lends 1tseif‘to these excitations.

"Solitary waves" with some of these charactefistics
were known in classical physics to arise from certain non-
linear differential equations. In 1834 Scott-Rﬁssell had
his ".es first change interview with that singular and beau-
tiful phenomena" while riding on horseback élongside a canal.
;'He observed a water wave from a boat that. "accumulated round
the prow of the vessel in a state of violent agitation, then
suddenly leaving it behind, rolled forward with great velocity,
assuming the form of a large solitary elevation, a rounded,
smooth and. well defined heap of water, which continued its
course along the channel apparently without change of form
or dimunition of speed.",&'

In 1895, Korteweg and deVries derived the equation:
¢f+°'<95 4’,(+ ‘}s,m =0 (now called the KdV equation) for shallow
water waves, ignoring dissipation, and showed that it has
solitary wave solutions. These were thoﬁght to be due to
special initial conditions until Zabusky and Kruskal used

a computer model to show that two such waves retained their

shape and velocity after a collison (a 1little time delay

(24)
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Ebeing’the only effect). They termed such waves "solitons".
 Since then this term has come to be applied to any non-dispersive
} waves (elong with the names "kink", *lump", etc.). We will
:isee that in at least some cases thelr behavior stems from

; tépological properties.

We will consider some classical field equations. The

é potentially felevant quantum field theoretic versions make

? the variables into fields of operators on the Hilbert space
; of state vectors. At present, these equations can only be
 dealt with perturbatively most of the time. Using Feynman
path integrals, it can be shown that the perturbation should
be taken about the classical solutions. Thus there is the
possibility that topologically distinct classical solutions
will identify distinet quantum sectors as well.

Throughout we take ¥i=c=1 and choose the metric gtt=1,
gxx='1’ where x represents all spatial dimensions. We begin
with a séalaf field‘¢ in one spatial dimension x. We constider
a Lagrangian density: i:i 'BMMW—M(M = ;{(%%Y‘ - 3{(—3—%)1*&(@'))
where U is a poﬁential energy dependent on(b but not on its

derivatives. In the cannonical manner we find the Buler-

. }g W8
Lagrange equations of motion to be: W - h,q( h“ )) = O

= —W(B) (21 0) - W)U o 28 2E Lyl

dx?
and the Hamiltonian density:§= i(%‘)*"( ) +M(¢ . Thus the

energy 1is: H: S_m (1(35) *’l()x) + (’”é””bx
Considering constant ¢ we see that for the energy to be

bounded below, U(¢) must be. We can shift the energy scale

so that the minimum of U is defined to be zZero energy. Any

(25)



‘ solution with finite energy (i.e. the physical ones) must
f have 95 approach one of the zeroes of U as x1t1xw as we can

see from the expression for He If U has only one zero ?5-‘—'¢),,
then as x— :tooJ? must go to ¢,, « Such solutions disperse in
' the usual manner until the energy is spread ’over large regions
L of space.
| Consider now the possibility that U(QB) has two zeroes,
say U(¢,)=U(di2_)=o. Now we can only say that as x> too ,¢ either
goes to ¢' or to é,_ . If ¢(°°)-)4’l and ¢ (-—w)**(i’, or if ?5(0")-?¢;_
" and @ (=== )~r¢z welre in the same dispersive situation as
I before. If ¢(°°)'* Vr)" and (é(—m)v—’#‘l ’ howe;rer, somewhere
between x=-o% and +oo, é mist be different from §, and b, (1t
] has to cross the higher energy region ¢,(¢)<¢ Je This energy
| can never disperse since it is trapped by the topology of
' the situation.
| As an explicit example consider U(‘f’)"-—((b?" a*) : which

| go-a JUL
| looks like: $=a/ ‘f> . We can find a time-independent,

t localized energy, solution. With%%, =0 the equation of motion

becomes %%:u'(¢}:lk¢(¢?‘-q‘) 0 )a—%m’ })\(ﬁ(@t "")
= 13 = (2 () s l(ﬁ)-vww)%c

The constant C must be zero since at infinity U($) vanishes

and so does%ﬁ So. %:i—\jr(d)l’dl) = V’;5¢"i—'at E -__j‘ otq- + )
So 3wRa lo (Md}) = (x-b) or @)= a danh (£VX alx- b))

This solution is remarkable in a number of respects.

. Let us first draw a sketch to get some intuitive feel for

its properties:

(26)




kink

ahﬁ' kink

é he solution with the plus sign is called a kink and the -one

éﬁith the minus sign an anti-kink. Notice that their shapes are
istable. If we try tc make the‘kink wider, then more of the
;field will be sitting on the hump, raising the energy. If we
étry to squeeze it into a sméller region, then theucurvature
;goes up, raising the energy. There is an energetically favofable
;shape which we found by integrating the Euler-Lagrange equations.
;iThis situation is similar to a chain (with some tension) lying
; on a humped surface in a gravitational fielé%a Note that we
can put the kink anywhere by chgnging b, but that with the
g 1mposéd boundary conditions it must be somewhere. We can see
that this is not changed by lettihg things vary with time.
In fact, the Lorentz invariance of the Lagrangian implies
that if ¢(x,t)=f(x) is a time independent solution, then
é(x,t)=f &%%%)‘18 also a solution for v&1. The kinks can
move like particles. | ‘

The important thing to notice about this example is that
from the given structure of the problem and the assumption
that there is no energy at infinity, our solutions split

into topological classes that are not connected by a continuous

(27)




- l/
transformation (thus no physical process can mix them).

Tn the given example we have 4 such classes:

£ 43 ~ !

o = “L L— ! I i N
S e a—-»-vL ; «-—-«h--{ TIT?
L L X e e |
| / < A .
<““‘“‘\/J L L e s i ‘;
. i £ : b ¥ q : b

’ \F@smsr%m v«&v” {

The first two must have a kink and anti-kink respectively,
regérdless of the form of the field inside the rectangle. In
this exampie we can have widely separated kink, anti-kink
‘pairs but thev net kink number#kinks-j- #ahti-kinks is a con~-
gserved quantity. This is an example of a topologicai conser-
vation law which, in the quantum case, would allow us to define
"topologi cal quantum numbers".

The Qyj potential example could only have one net kink
or anti-kink because U(¢ )‘ had only two minima. We can easily
get any number of net kinks by considering'U((ﬁ) with many
minima. One popular example is known as the sine-gordan

equation: U= iz(i cosﬁ,s) leading to the equation of motion.
2

i

)t %%.-* sinpﬁ =0 (the Kleln-Gordan equation'&-i +m‘¢ =0
was one of the first atﬁ%npts at a relativistiecally 1nvariant
quantum theory). This clearly can have solutions with any

number of kinks:

) r - — de)

{1%.;.:. /,..E’\\M-—,%;‘**—)
L T P_) hss d kinks
* ¢
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‘This example is particularly interesting since in 1975
Coleman showed that the quantum version of the sine-gordan
equation is equivalent to the zero-charge sector of the mass-
ive Thirring model. The soliton conservation of the sine-
gordan equation goes over to conventional kinematical Noe-
therian conservation of the number of quanta of the Thirring
nodel field. |

These ideas arise quite naturally in the somewhat arti-
ficial case of one-dimensional fields. Unfortunately, the
extension to higher>dimensionslis not straightforward due to
a result known as Derrick's Theorem. For a theory, such as
we have been considering, with Lagrangian densityw(fi%mﬂ?s*u(é)
where U($ ) has a minimum value of zero, in D spatial dim-
ensions, the only time-independent solutions are the ground
states, for D= 2,

It is intuitively clear that we cannot get things trapped
like we did before in one dimension, because outside of some
large sphere the energy must vanish. Since,for D=2, this
region is connedted, the value of ¢ must lie entirely in one
component of the zero-set of U. Thus we can continuously
distort ¢’w1th1n the sphere to lie entirely in one of the
zeroes 6f U.

The proof that there are no time independent solutions

. R -3 v
is an interesting scaling argument,though. We def’im—z:V,[q)]"iis(v‘i’J

o ; ,
and:V,b[ﬂ:jM(‘ﬁ)d 3 +» So the action per unit time is :

LLOT=52@ d% = {52 (3~ § (V- (942 = - [¢1-V, [ ]

(29)
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F‘since we're considering time 1ndépendent solutions. We want'
f the action to be stationary: L=0. We consider variations of
tf) parameterized by A : (é)\(ﬂ ‘i{‘{’\x) where ‘\f’(*) is the extremal

;f solution. Now J&’ )y dp(ﬂ) and 3 A“ b('wm /\g%m 80 We see:
VEOD= £ [(T01 % = LA T )20 42 (a0 = X Y4
VL0 [UB)d% = XD [ u(d) 4740 = 7P V,.[m

; by change oi)varz?bles én the integrals. So:

L8] =N VA=A 4]

: D

e HﬁL“’*”x =20 =[-G-oN V[M’«Dl RACANIW
= (D-2)V[¢,1+ DVIH1=0

" but V|, and V, are positive if ¢" is not identically a zero
of U« Thus for DX2 we cannot have any time-independent
' solutions of finite emergy:%3 ,

Thus for higher dimensions we need a more complicated
field structure. In the next section we discuss Just such

a structure which has appeared in a number of different

places in physicse.
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V. Gauge. Theories
h At the present time, the fundamental theories that hold

?t the most promise for a unified understanding'of physical
}teractions are probably gsuge theories. The basié idea
?hind these theortes is the introduction of new fields to
}force the local invariance under some previously known
V%obal symmetry.- Some df the basic concepts involved were
}veloped 1h the differential geometry of Riemman around

?61%“

The idea of local gauge transformations was inventéd
V%fHermann Weyl in 1918%§ He applied the idea to electro-
i&gnetism in 192§S;nd in 1951 Schwinger used it in quantum
;fectrodynamicsfs-In 1954, Yang and Mills developed a non-
iﬁelian gauge theory for the SU(2) of 1sosp1£€+ Tn 1967 Weinberg
:}d Salaéginvented their unified gauge theory of weak and
%lectromagnetic interactions, which was shown in 1971 to be
{enormalizable by ft Hoofgﬂ In 1972 gauge theories were
?ppliéd to the strong interactions in the theory known as
1uantum chrombdynamics%o Einstein's general theory of rela-
iivity is basically a gauge theory (seeJthough)the contrbversy
bn this points Re.3l ). At the present time there are a nun-
;er of attempts under way to develop Grand Unified TheorieS.

i Starting with*é known Lagrangian with some global synnetry
%apply the same transformation everywhere and the theory
ioesn’t change) we introduce gauge fields andvtheir inter-

;ctions in the following manners

1. Start with a theory with global symmetry

(31)
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2.
3.

L,

5.

6.

Hypothesize that the symmefry should be local

Introduce gauge fields to fix up non-symmetrical

derivative terms (i.e. replace by covariant derivative)

Observe that there is more freedom in the gauge
field now than is needed to fix the symmetry

Identify the "curvature" field (deviation from
"flat", zero-gauge theory)

Add a curvature term tQ the Lagrangian representing
the self interaction of the gauge fileld.

We can get some intuitive feel for this proceedure byA

looking at & 2-dimensional vector field on a two-dimensional

surface. Begin with the theory formlated
in terms of an orthogonal coordinate systen

on a 2=-dimensional plane: —¥

The vectbrs‘of»the field sit in 2-dim~- (’i?"”z'ﬁij“j (:Ef]

| ensional tangent vector spaces erected ; E &
. over each point of spaces:—* | ! il
8 e I 1 ;{i:;x
(the tangent planes are linear approx- ! i ; :
— 1
v
they are exact copies.) o wp“m.}

imations to the base space, in this case

. ; s

SESHR S—

Y S

ek
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We can choose a basis in each 1little tangent
space to correspond to the coordinate

system on the plane: ———}

Our theory shouldn't pick out a2 particular
direction in space, so it should have the

same form if we rotate our coordinate

system: ~—-+—}

4
We have changed things at each place in

space in exactly the same way, so this is a

/
™
e

global symumetry. The symmetry grbup is th

two dimensional rotation group S0(2).

3

We now claim that our choice of coordinate

system here at Stanford, shouldn't affect

what they use at Berkeley. We should be

T

able to make arbitrary cholces of coordinat
orientation (as long as they are continuous
= We should be able to express our theory in

terms of arbitrary curvilinear coordinates

2
L5

PPRIFS, NP | open

P,

And our tangent planes' bases can rotate

wildly: —}

(33)




Anything which dependé on the fieid only within a given
tangent plane (i.e. at a given point) will still work fine
since each individual plane has only undergone the same trans-~
formation it would have in some global rotation. But now
consider what happens if we have to compare quantities at
different points. Under all these crazy coordinate system
changes, the vectors of the field haven't budgedfa bit, but
their descriptions have changed all over the place. When
we were doing global transformations, all the descriptions
were changing in the same way, so we cduld still compare
descriptions at differené points. In the present case, though,
if we try to compare our vector fieldvat two different points
we'll get a piece due to the actual change in the vector
field, but also another plece due to the change of the descrip-
tion System. Telling how to compare a given point with an
" arbitrary point would be a horrendous job. Telling how to
_ compare a gilven point with one infinitesimally close, however,
is easy since all changes are continuous and we can work to
first order in the distance. What we need is two matrices at
each point. One tells us how much our coordinates rotate
when we go in the x direction, one in the y dir;ction. Since
wé‘re moving infinitesimally,we want these matrices to be
the derivative of the coordinate rotation with respect to
distance. Our matrices are thus elements of the Lie algebra
of the transformation group. Specification in these two
directions is enough because everythinz is linear.

We can combine these wmatrices into an object that looks

(34)



something like a third rank tensor field, with one index for
the direction in space and the other two giving the component
of the matrix. The transformation properties cannot be those
of a tensof, though, because we get an inhombgeneous additive
plece every time the transformation changes from point to
roint (consider how they change going from orthogonal coord~-
inates to curvilinear ones). In differential geometry these -
objects are called connections and are often written as the
Christoffel symbols I‘Ef . I](;" is the = component of the
change5inuthe“}3th coordinate basis when you move in the‘{th
directioé¥L In the general case, the objects corresponding
to the connections will be the gauge field. With the connections
we can define a new kind of derivative, called the_covariant
derivative QK’ that takes into account the fact\that the
coordinates are changing and only gives the actual change of
the vector field itself.

The reason we had to do all this was thét the theory
as expressed before with ordinary derivatives (change in
coordinate values) was not invariant under the local trans-
formations. When we replace all the old derivatives by co-
variant derivatives the theory becomes invariant under these
transformations.

Now we notice to our ohagrih that the connectlons have
more freedom in them than we desired. PBut, surprisingly, this
extra freedom is in some sense necessarys Nothing we can say
about the connections at a given point can prevent it. Tt

depends on the way the connections change from point to point.

(35)




'Qonsider a vector at a given point. Define a new vector
at each point along a path away from the initial point in
such a way that the covariant derivative of ﬁhese vectors
along the path always vanishes. This is called parallel
transport. Now take the path around in a loop to end up
at the point where we started. In tﬁe nice flat space that
we started with only oné thing can happen: the vector at the
end of the path must point in the same direction as the one
we started with (after all, the vectors are parallelftﬁ*
But, surprisingly.enough, we can find connections where
thekfinal vector points in another direction from the first.
These must describe a situatién with more in it than Just
our plane and vector field. This sort of thing is familiar,
thougg&gﬁfm cartography. If we start with a vector pointing
SN northward in Liberia and slide it along a meridian,
\ always keeping it "parallel" to itself (but tangent
~f  to the earth), up to the north pole and then down
another ﬁeridian’to Ecuador, and then aloﬁg the
equator back to Liberia, we find our vector rotated
by 90 degrees. This efféct is due to the curvature of the
surface. In fact, we can define the curvature at a point br
a limiting case of this proceés. Consider a little square at
the point. In the limit thaf the area of the square vanishes,
défine the amount that vectors get rbtated by traversing the
square divided by the area to be the components of a curvature
tensor in the "direction" of the square'(i.e. an index for the

components of each of the legs of the square). In the 1limit

(36)
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D

this is Just the commutator of the covariant derivative: DyED:
AF‘M=[DA,D,,] « In differential geometry this is a derivative “
of a rotation and so a 2X2 matrix (for eachAA,V). The entire
four-index tensor qu,,,,is the Riemmanian curvature tensor.

We have a new field which we must write the interaction terms

for. We'll see a gauge invariant way that extremizes the
total curvature (a 1itt1‘e like soap bubbles).

Let?'s see how this works for the case of electromagnetism,.
For definiteness, We begin with a fermion field'\l‘(x) with
Lagrangian:i= -1'9'—‘%;(’*“*‘1?"/' (we migh’t just as well have
used the Schrédinger wavefunction). We notice that the Lagran-
gian is invariant under a global phase transformation: (‘f"‘* fce ¥
where ’TF‘*P’_Y:Q'(& (‘9 constant over all spacetime). Thus we have
a global U(1l) symmetry. We hypothesize that we should be able
to choose the phase (coordinate axes in the complex plane)
arbitrarily at widely separated points. We suggest that the

i W G s o

f‘ormation:r'V’“) 526(‘(},&1‘ s 48 long as 9 1s a gmooth function of x.

The —“?Tterm is fine since ’M(fe-zem)(e;em /Lf) = —m ’lf YI

but the derivative term causes problems since 9 is changing

with xi _i(ﬁ'éw&)n«aﬁ(eié&) y): T 9{‘)1”3 { (3466)) et VY 4 e"é{‘)BM'}L}
:-i?l”?}u’}t *?Yq?(a‘q 9(1)). We get an extra piece that messes up

the symmetry. As we saw, we may fix this by introducing a
connection Aﬂ(x) and the corresponding covariant derivative:
Dq:}g'k&‘{(x). Our new Lagrangian is i: "i? X"D""/“M"?"}L

For this to be invariant under the change "f—-r ¥’= 6"%)3& and
D‘“—PD‘:: [ [cA; we must have: —-i"rﬂ'ﬂﬁﬁv‘:vi ?C"ip(‘)xﬁ 0,:(6;9{')?)
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This -implies: O;(‘-’MM Y): Cio{‘) 044 ’Y( = (),q"ie A: )(EI‘M)Y>
= (¢ (hﬁ’(r))e{'e’V*Pe""eka -1t ﬁ; e“e'y = oY (bﬁ-ie(ﬁ,':“?w@))')‘
= Ct.eﬂ,"‘["t“a(%"‘_{'q")? = AM:A; “dant =% A;:: Aﬁ*aﬁe'
We've seen a field theory with this kind of symmetry. The
eléctromagnetic poﬁentials Aun (fortuitous notation) give the
] - same physics under whét is known in E&M as a gauge transformation
(fortuitous name), which has exactly this form. (In differential-
forin nofation: the physics depends on F=dA so making A into
.A+d6 doesn't change anything since ddg=0 always).
Now consider the "curvature" term which we saw should be

the commutator of t}';e covariant derivative. We define:
Fau® %[D‘b DVJL‘%U)M"ifﬂﬂ),ay‘itﬁy)] = ‘%(éfz‘vﬂ"" ced,, Ry) = ),,Ay*éyﬂq
Amazingly the commutator of these two operators is no longer
an opei‘ator.' Even moi'e amazingly, the F“w thus defined is
exactly the tensor "Faraday" which contains the electric
and magnetic fields. Notice that in this abelian (elements
of the group U(1) commute) case that F,,1s itself invariant:
Fuy =t ¢ ”)-YA:G =Ya({As 00 )“av(ﬁqﬂnﬂ? Y Ay 1000 -0 A 0,0, S RV A
To account for the energy in the field we add the Lorentz
invariant term: ‘waf The total Lagrangian becomes:
L= - T b= ¥4 F P =i FUUY -m T 0 VA ey M«) p=Y
The Euler-Lagrange equations are thus: ,
3 a—a(,‘f{;«f)" %% =0 i FI) rn ¥ -e T8, = =i QiR F I vy =

0 7)‘%%=0= Ut Y eV Ay =i ¥ A F ¥
A“a(aaﬂ,x) 200 & [THOUA AU AL A 0 A 22 Ag) - o 1Y

=3 ( )PA“ “AF)-e ¥ V' =, Ff=e Ty Y :e:'a'6 o 33:7

(38)
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‘The first two of these are the equations of motion for
a charged particle in an electromagnetic field. The last 1is
the 2 Maxwell source equations (the other two are the Bianchi
identities for curvature) with the fermion field identified
as the charge-current source. When quantized the gauge fleld
gives us photons, the intermediator of the electromagnetic

force.

It was the idea of Yang and Mills to extend this pro-

34 :
cedure to a bigger group than U(l)& Consider a gauge group
{x) .
G and a multiplet of fields'f(x)=(£;)'which transform into
} 4

one another under an appropriate matrix representation of G.
We waﬁt our Lagrangian to be symmetric under the transformation
?ayﬂﬂﬁywwherew&)is an element of this representation of G.
We introduce the gauge field Wyu(x) (s 1s a Lorentz index
ahd W is in a representation of the Lie algebra of G) and
the accompanying covariant derivative Qq=}n“1eﬂa* Again
we want Dy to transform like D;(ca"f‘)‘:wD,;,Y'. Because our
group 1s possibly non-abelian, the gauge field transforms
like: %:=qqﬂwﬁ-%()qw)«iﬁ The Yang-Mills field strengths
(curvature terms) are: G‘,,{DA ,Dy]=Ci[(§h"ickl“))(3,~itwv)] :}va-}yu",_ _E, [h)") Wy]
and after a tedious calculation we see it transforms like:
G;;‘w ”qu « These results all reduce to what we had before
for the abelian U(1) case.

We can pick a particular basis of group generators ag-
for thé Lie algegra (a runs from 1 to the dimension of the
Lie algebra) and express Wy=3% W, and G,w=;iso’ﬂ(‘}zpwhere W

and G,,are just numbers now. Tf the structure constants

(39)




of the Lie algebra are futy (Qm[v’.,vb']ﬂ‘.uoﬂ%h G:,“&,.,U: -3y U,:i-eﬁ,ch: kl:
From the Lagrangian:&&ifﬁﬁiyczywe obtain equations of motion:
)"G:”:eﬂb‘ G:«vwz . Note that if our group is non-abelian (so
the fa, aren't identically zero), these field equations are
nonlinear (because the intermediate bosons can carry a gauge
charge themselves) and explicitly dependent on the gauge
field W. When the theory is quantized we get a new kind of
gauge particle for each generator in the group. Thus the
electromagnetic U(1l) gives the single photon, a weak SU(2)
gives 3 (the 3 Pauli matrices are a typical basis for SU(2)'s
Lie algegra) intermediate vector b;sons (actually these are
tangled up with the photon but the total nuuwber is the same),
‘and the QCD strong SU(3) gives 8 gluons (elements of the Lie
algebra of a group of unit-determinant unitary matrices are
themselves hermitian.and traceless, so from the 18 posgsible
degrees of freedom in the 9 complex entries we lose 3 real
and 6 imaginary for hermiticity and 1 more to be traceless).
In a pure gauge theory we cannot add a mass term for the
gauge field to the Lagrangian since it is not gauge invariant
(remember the inhomogeneous piece in its transformation), and

so these particles have to be massless.

(%0)
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V. Monopoles _and Instantons

We now have enough of an apparatus to build some topo-
logical excitations in more than one dimension. The objects
that we'll discuss in this section are all found in classical
field theories. To date, no ébjects of this sort have been
observéd experimentally (not so for their statistical mechan-
ical counterparts discussed in the nekt section). This is
discouraging but §he ideas involved are intriguing and some
variant of them might prove important in the future.

There appear to be two ways for topology to non-trivially
ehter into our physics. The first occurs when the base mani-
fold that we're working on (eg. spacetime or phase space)
has a non-trivial topological structure. Tn the case of
spacetime, experimentally this can only apply to the very
large or very small structure of the universe. The other
way is to consider the topological structure of the space of
solutions in our theory. This usually arises from’the.boun—
dary conditions on our solutions at infinity.

M As an example of the first type let us consider the
magnetic monopole. At first we might think that the assum-
ption of an electromagnetic potential (which appears to be
Jjustified by the Bohm=Aharonov effect which shows that the
potential has a réal gquantum effect modulo a gauge trans-
formatioggiprecludes a source of magnetic flux. Remember
that the U*B=0 Maxwell equation is an identity if B= 7XA.

Dirac got out of this difficulty by letting the potential

have a point singularity at every radius. These may be

(k1)




A

connected together into a "string" singularity eminating
from the monopole. One may think of the string as a thin,
1bong solenocid going off to 1nf1nity and thy flux that it
contains naturally comes out the end looking like a mono-
pole. The requirement that the string not be observable
led Dirac to his famous monopole quantization condition .
3%%% =1htege§? if g 1is the magnetic charge on the monopole.

Tn 1975 Yang and Wuﬁgpplied some concepts from fiber-
bundle theory to thils problem and found a new way to get
Dirac's result without his string. The basic idea behind
a fiber-bundle 1is ﬁhat we have qﬁantities on a manifold which
are not (and in non-trivial cases cannot be) defined globally.
Tnstead they are defined on little patches that cover the
whole manifold. Where patches overlap they may give different
values to the quantities, but they are related by some definite
transformation. This type of structure is quite natural
for gauge theories where things are defined only up to =
gauge. Tn general, Bohm-Aharanov type experiments hint that
some quantities should have path dependent values.

We may understand the Wu/Yang monopole as follows:

We want the integral of the radial componént of'ﬁ over a
sphere S that surrounds the monopdle to be non-zero. Since
the integral is taken at a given time, any vector tangent
to S will give zero when plugged into (contracted with) the
one-form dt. Thus dtAadx, for instance, gives.'zero when it
acts on a two-vector element of surface area of 8. So the

o A S
integral over S of thé normal component of B is the same as

(42)



the integral over S of the two-form FzEkdxﬁdt+ErdyAdt+E§dzAdt+
+BgdyAdz+BYdzAdx+B,dxAdy. But Stokes theorem says that

F={ ar={_dda=0 1f F can be written as da within the 5
sarT VT T ,

sphere. Now consider removing the point of the manifold

where the monopole is. This mnakes the second homology group

non-trivial (piece together four triangles around the hole

so that they have no boundary, yet are not the boundary of
a tetrahedron because of the hole). De Bham cohomology tells
f us that this implies the second'cohomology groub is also

non~trivial. This is the group of closed2forms (d acting

on them gives 0) modulo the grbup of exactlforms (they are

themselves d acting on some other form). 'n facf, the elements

of fhe group can be labelled by the integral over the chain

of triangles that gave us a'non—trivial homology group. This

is Just the integral over the sphere that we started with,

ieee the net outward magnetic flux.

-~ All that we have said is that we can build a monopole

by removing a point from the manifold But that we have to

give up hope of finding a singie potential that is defined . »dth&
@ ; everywhere. Consider, though, a hemispherical region 3T e

that surrounds the monopole from below. Because there

are no holes in this region and dF=0 everywhere within
it, we can find an A, so that F=da,. Similarly we can d @ A:.

find an A, sorthat F=dA, in a hemisphere above the mon- X ’?Tﬂib
opole. Now consider the two halves together. Tn the —
circular region of overlap the two potentials A and A,

give the same field F. They must therefore be related
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| by a gauge transformation at each point around the circle.
Remember that for electromagnetism the gauge group is U(1)
which looks 1like a ciréle topologically. Thus we want a
map fromkthe circle oﬁ intersect of the two regions into U
the circle of the gauge group. Tf we choose & map that doesn't 1
wind around the gauge group then 1t is homotopic to the map @'
\avdt o g

where everything goes to the identity of the group and so

intorsichim

by a continuous gauge transformation we can make A, and A,

agree everywhere. We have seen that this implies no source

of B. The monopole comes from the cases where we wrap once

around, twice around, etc. Giearly no continuous gauge trans-(}

formation can change the homotopy class of the map. Thus

the topological character of Dirac's guantization is evident.
What does it mean to remove a point from the manifold?

One might consider this a singularity in the field or a region

where our description breaks down, but it is 1nﬁerest1ng to

contemplate actually removing a point’from space. This is

the sort of picture one is led to by the concept of black

hoies. There is another concept that this example suggests.

We got rid of the "curvature® of a field that has a net

"curvature" by putting 1t all at the hole. We may do the

same thing for curvature of spacé. Tn two dimensions we

can mock up any curvature arbitrarily closely by a space Py
‘;z {’4’;7; )

which is everywhere flat but has a gas of holes. By removing/ fv,*

: : O ‘k'_;.g'
a single point, for instance, our space can be everywhere (;w Tk
flat but in the shape of a cone with the hole at the vertex. ——

Tf we don*t go around the vertex then vectors will point

(L)




in the same direction after going around a loop. Tf we go - co
around the vertex, however, they get rotated. We can see
this by undoing the cone and spreading it out on a plane

wharre we know what parallel means.

Let'é now consider the excitations that get trapped
by boundary coﬁditions. These will be generalizations to
higher dimensions of the one dimensional fields considered
earlier. They have in common the feature of spontaneous
symmetry breaking. This label is applied when the Lagran~
glan of some theory possesses a symmetry that is not possessed
by the ground state (vacuum). Abdus Salam giv;s the examples;Y
At an 1ntefnationa1 dinner, where there are no set conventions
of etiguette, a group is seated about a circular table with
a népkin between each pair of people. The situation is sym-

metric with respect to left and right hands until one person

chooses a napkin and the whole table follows suit.

—>

s

havt
Tn quantum field theory we would“operators that are the

infinitesimal génerators for some symmetry of the lLagrangisan
that don't annnihilate the vacuum statelo>. One way to do
this is to introduce the so-called Higgs flelﬂ‘I.which has

a non-zero vacuum expectation value <OI @]0?#0 « Classically,
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it is the Higgs field whose potential energy term has more
than one minima (in general we will have a continuum of ground
states, as opposed to the discrete set we saw in the sine=-
gordan equatioh).

We will consider models which have a gauge symmetry
that is broken. This is an important case since it is through
this mechanism that gauge particles can acquire a mass. We
will call our gauge group G. Assume that all minimum energy
field configurations are related to one another by an element
of the gauge group (so there are no "accidental minima not
arising from the gauge symmetry). Tn gen;ral,,only a éubgroup
of the full gauge group G will take us from one ground state
to another one.(eg. in the unbroken case where there is one
ground state, the entire gauge group takes the ground state
to itself). Call the subgroup of G that doesn't change the
ground state, He Thus even after picking a particular ground
state, H is still a good symmetry. From a given ground state
elements of the guotient group G/H will thus take us to every
other ground state. We can associate elements of G/H with
ground states. Since "close" group elements take us to "close"
ground statés, the topological structure of the space of ground
states is isomorphic to G/H. |

The basic idea bhehind topoiogical excitations in this
setting is that the assumption of no energy at infinity means
that on a large enough sphere {(i.e. at infinity) the field.
configuration must be one of the ground states. Tf there

are topologically non-trivial maps from this sphere into G/H
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then there will be topologicaily distincet classes of solutions.
Sometimes this forces some energy to be localized somewhere
inside the sphere (in the same way that the sine-gordan bbundary
conditions could trap energy when the field had to go over a
hump in the potential). The reason that we had to consider
gauge theories to get this sort of thing is that we have to

have & symmetry that we can utilize at each point on the

sphere independently.

There are an infinite number of examples which we might

»

consider but T'11 restrict them to a few representative ones?
Let us consider a two dimensional space with a two dimensional
fiehﬂ(iﬁ, like our first model for a gauge theory. Our gauge
group will againfbe S0(2). We want a potential which has
minima related to>one another by the gauge group. We consider
the "sombrero" shaped potential U=(ﬁt+é;a?5z . Here H 1is

Just the identity element and the space of ground states is
1somorphic topologically to G/H=G=S0(2), i.e. tﬁe circle s'.
(which sits at the bottom of the sombrero). Consider arbig
cifb}e in the plane with a large ehough radius that there |

i8 no energy there. VWe want to,choose




elements of G/H there. We know that SL~+S‘ can be topologically
nontrivial since‘ﬁ(st)=z. Let us consider the one where as
we go around the big circle; we go around the base of the

sombrero once. S0 we have little vectors (of length a) pointing

radially outward. But now notice that with this boundary
condition the vector field must vanish somewhere in the circle.

If it didn't we could make another one with.thé vectors pointing

inward, cut out the big circles, and paste them edge to edge
and we would have a continuous non-zero vector field on a
two dimensional sphere, contrary to the Brouwer theorem we
mentioned earlier. But if the field vectors have a length of
less than a we get some energy (we ride up on the hump of
the sombrero).‘ Thus we necessarily localize some energy
inside the sphere. "But wait", we say, "We're supposed to
»have zero energy at infinity. We get energy from changes in
the field and it looks 1like it*s rotating wildly out there."
Remémber, though, that this is a gauge theory and that the

energy term uges the covariant derivative. When we drew the

picture we used rotated frames (they }
turned}when we made the gauge trans- f
formation). In the correct frames
the vectors aren't changing at all.

. Now we notice another interesting /

consequence: 1f we warp our surface in three dimensions so

that covariant derivatives look like ordinary

derivatives, the piece from the large circle TRA 7
revive, Y.
outward must roll into a long tube, since the eri\1> credhy
(48) NN




coordinates rotate by 2w by going around the circle. Some-
where inside the circle wé must cap off the cylinder. Ve
can see that this requires curvature in our gauge field.
Thus we have f§rced soﬁe energy into the gauge field as well

- by these boundary conditions. This model ‘s not so far-
fetched as it might seem. Tf we stack a bunch of these planes
on top of one another the energy vackets we found together
form a flux line in the Landau-Ginzburg theory of Type T7T
superconductors (the "curvature" in the gauge field 1s the

magnetic flux passing through the plane).

Our other examples are trivial extensions of the above.

We might consider a field with three components(ﬁf)and with
gauge. group S0(3). Tf we use the 3-dimensional v;rsion of

the sombfero? U=(¢ﬁ+¢f¥¢§—élf' then the ground states may

be identified with points on a sphere (¢f’+¢f+¢:=a=-). Now the
unbroken symmetry is not trivial, though; because once we

have picked out a point on this sphere we can still rotate
about the axis it determines.(so H=S0(2)). We have just

said that topologically: G/H=50(3)/S0(2)~3*. If we are

on a two dimensiohal plane then the map from the circle at
infinity to G/H is trivial (we saw TQ(SL)= the trivial group).
Consider what happens, though, if the field is defined on
three dimensional space. The sphere at infinity is S* and

we gaw‘that ﬂa(s‘)=z is not trivial. The non-trivial solutions
here are similar to the original Polyakov "hedgehog" or

't Hooft "monopole" found in 19?5q;nd 19?d?%they used SU(2)

which we saw was the covering space of SO(3) and G/H=SU(2)/U(1)vs").
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'The one last examplé#&e'll consider is a field in Euclidean
spaceti~e (l.e. metric %»(b‘ﬁ) which we may interpret as ordinary
Minkowski space with imaginary time). The sphere at infinity
is 53. If we have the gauge group 8U(2), which recall we showed

was also topologically 83

s then since @(83)=Z we get non-

3 trivial maps. The "objJects" that result are called instantons.
They are events that represent transitions from one ground
state to another (quantum mechanically, tunnelling from one
vacuum to another). Thus the Yang-Mills vacuum could be a
complex beast seething with instantons. T1f we had kea? an
unbroken U(1) so G/HESU(Z)/U(1)=SQ(imb;d v(1) 11kev(ﬁ; ;%)),
then we could have used the non-trivial Hopf map m{s‘):z that

we showed earlier.
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VI. The Ising model and Kosterlitz-Thouless_vortices

-

Let's now shift gears and consider some statistical
mechanics. Probably the most fundamental problem in this
field is undérstanding in defail the emergence of high-level
order from low-levél phenomena, 1.e. the problem of phase
transitions and critical phenomena. This is of course crucial
to the understanding of biological phenomena and the great
diversity of the different regimes found in the universe in
general. We will examine how some i1deas similar to the topo-
logical ones we have been considering affect that understanding.

Probably our greatést understanding of phase transitions
to date has éome from studies of the Tsing model and related
systems. This model was invented in 1925q%y Tsing as a model
for ferromagnetism. .This is the observed phenomena of spon-
taneous magnetizaﬁion below some critical temperature in
certain materials. Tt arises from alignment of the electrbnic
spin of atoms in a regular crystalline lattice with the con-
comitant constructive addition of their magnetic moments.

The energetic desire of electrons in neighboring atoms to
align their spins is not due to magnetic dipole~dipole inter-
actions, which in this case are weak, but rather to theVPaull
exclusion principle keeping electrons with aligned spins
farther apart and thus lowering the Zoulomb energ;gl This
interaction is very short range since it relies on electron
overlap in the non-aligned case.

Tsing's model is simply a bunch of spins on a regular
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lattice (the most common being square, cubical,vetc.) which

can either point up (in which case define M =1) or down ( 4 =-1).

There is an interaction coefficlient J so that the total energy ¢4 44
. . i z I BERK

is E=‘$222.«J‘4i“‘~"(0 +const.=;JZ;an(M; - Munsy)  Wwhere #; is t ;‘ ?\ f t
the spin (=%1) at position i and ‘Shqais a sum over the ‘sz j%;
R

nearest neighbors of 1 in the lattice. This same model serves
for modelling binary alloys and lattice gases (where up corre-
sponds to one type of atom and down thé other or up to the
presence of a gas molecule and down to its abscence). To
show some of the features of this type of mode1 we will in-
vestigate it perturbatively in botﬁ the low température and
high temperature iimits. The appropriate quantity to inves-

~RE
tigate is the partition function:Z= Z'Sm“ eﬁ

s Where € 1is the
energy of a state.

Let us first consider the one-dimensional Ising model, t 4 }FFf$ LY
with the boundary condition that the spins on the end point
up so that when the temperaturé is zero all spins will point
upward. The partition function in th#s case is given by:

Z= Zﬂ“:i"‘cu) Ag=t] WXp (—ﬁ gf: %(HE"’MMV)

The sum in the exponential is equal to J times the number of
flipped bonds. We do a consistent expansion of Z in powers

of % =exp(-2 J) which is small when B J is large or T is

small compared to %. The o’ term arises when there are no
flipped bonds (”"”“). Since we are considering the case
where all point up at T=0 this means 7Z=1+0(x). The conditions

at ‘the’ boundary prevent there being an odd number of flipped
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bonds. With two flipped bonds ( 1f#tt#4 or THEIHHE etc.)
we get the ' terms. The first flip can be at any of the
first N-2 bonds, say the Jths. The second can be anywhere
from j+1 to N-1. The total number is 2;:(1\1—(3-*1 )}=
(N-2)(N-1)- Ei;:J =(N-2)(N=-1)-3(N-2)(N-1)=3(N-2) (N~1}. So
Z=1+%(N-2) (N-1)+0(x>) .

We can investigate the average =spin of a given site
for the system at equilibrium at a low temperature. We know
that the probability of a given configuration is Z !«P( ﬁ"‘ varldy é“""j).
Let us find the probability for finding the spin at the center
of the chain pointing down. Tt camot point down with no
flipped bonds. With two flipped bonds it will point down
if one flip 15 on the left and one on the right (ﬁ¢¥x>¢???f Y.

B-132
The number of ways for this to happen is (“":Z) « So the probability

=f(&§]2& ‘}O{a’f') . If we have four flips then we again need our
spin to be in a block of downward spins but we have another
block to either the left or right (ﬂl“@l“” or H*?H.@filif )e
We have aiready counted the number of ways for a downward

block to fit in m spins with the ends pointing up and it
=5(m-1)(m-2). The total number is thus (with i1 for the position
of the 1eft end of the block with our spln, 3 for the right)
21 | ZJ, (2 (0= +5 (34) 1-2)) = 3 53 (-3¢ +2)

We need the expression for 2 « This has a geometric
analog of a pyramid where we know the height and want the

volume ( @ ) We thus expect a third degree polynomial
"
2‘-:'%:.)4&13-&814" t{w+D . Plugging in n:0=22/=0 , P ;

nzl:‘?,zzg) n=3 =14 we bind Wk 3 R L TP
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The total number of states is thus;" lg "‘)3+L(N w b
- (@-;1)157';(~1~1M+;)+§(~—1)+z -3 (W1 r2f = (&) s Nl’ﬁ”*/}
Consistently to order ®*we have the probability for our spin

to be down 1s*‘[(&i )°‘~ (L) {)1'\1 S-N’r }d +O(°€3)}/[l+‘(N-I)(NQ o< +O(zx“)]
= (W) W-NH - v V-] 4 0)

This is clearly wrong for all but« =0, If T=0 then « =0

and prob.y =0 as we expected. Tf x>0 then our probability

? depends on N which it should not and as N gets large we get

a negative probability. The problem is that the probability

igs not an analytic function of temperature in this one din-

ensional case. Exact solutions sﬁow that for any T 70, the

one dimensicnal Tsing model is not magnetized. This occurs

‘bécause with only the energy to flip two bonds we can flip

an arbitrary number of spins. This is not the case in highef
~dimensions where the energy to flip a block of spins goes up

as the surface area of the block.

We now look at the low temperature expansion of Z for
the D-dimensional Ising model. For computational simplicity
we take our systems to be square lattices on tori (i.e. with
periodic boundary conditions). We assume that the system
is N bonds wide in each dimension, so the total number of
spihs is hﬁ{ The partition function is now given by:
zzzﬂ,-.:g.,wuu‘-zlem(zizm(ef B% (M;-Muiy)” )+ We wish to expand
this consistently in powers of‘x=exp(—2ﬁJ) again (1.e. low
température). We see that the 1th power of o will have the
number of situations with 21 bonds flipped as its coefficient

(we can easily see that we can never flip an odd number
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of bonds ﬁith reriodic boundary conditions). Call this number
oo 1 _

f(1). The partition function is Z=§gt4)£(1)q. Let's work

2D

out Z to order ¥ . Again assuming that at T=0 we have all

spins pointing up we see that f(0)=1 since there is one way ... .

to have no bonds broken. T7Tf we flip one spin we break 2D . f%’f
0 P . a

bonds so the next hon-zero-f is f(D)=N" since we could flip

any oné of the ND spins. Thé next term comes from flipping

two spins right next to one another. This breaks 2(2D-1) 71 ff
bondss The first flip cbuld have been any of the ND and the

second any of 2D. So f(2D—1)=NDD (we divided by two to keep

from counting bonds twice). The next term comes from flipping ;+; :;&;
two non-ad joining spins with 2(2D) broken bonds. The first

one could be any of the ND, the second any of the ND but the

2D+1 ad joining or being the first flip. So f(2D)=%N0(ND-2D-1)
(again-the 3°to avoid-double . counting). 'So the final .expres-:

ston 1s Z=1{+ ND‘KD +NP DO’?‘D—I "'Ji ‘ND(‘”?—‘-" >0~ ‘) o*D.4 _‘O(u?-b*’)

.-.? We.can find-the probability of finding a given spin

rointing downltororder»agqt If-1 . spin-ia:flipped there is -1

way-it could be our given-one.-:If:two adjoining -spins are

flipped there érepZD ways -one of them could be ours. If two

non-ad joining spins are flipped then there are ND-ZD-l,ways

one of them could be ours. So prob.v}:-él'[dp‘*ll)‘5‘10"("’(”0'10’,)“1!)*0(“10")]
= (1=-N°® + 0(«?") ) [0+ 2D +(NP =2 D ~)o2® + (ec*2)) ]

S Do +.(NP,QD,,)°(1°_NDQZP +Q(¢w*,’)

= P2 D& 0! = (20¢)a2P + («*°")

We see -that the dependence on N -has disappeared as it 'should.

Let's now consider 2 high temperature expansion. In this
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case T»% :7[55«1, so \J:(—:MP('/@)NI . We are therefore led
torwriting'eur exponential of a sum as a product of exponen;

tials: Z= Z.‘gﬁ} MP(‘)@ZE)WU %(A,‘"ﬁ‘,an}r) =Z§k} 7@1««{) e"'l’{'fg%("’f’"’u«r;))l)-
Now notice that exp(c-/l %(}4;-—}&.,;;] )1 )=1 if 4; “HMaa;) and = Mp(‘ﬁj);‘}:‘
1f‘ﬂsfﬂmq@. So we can fewrite it (so as to get the 4 's

out of the exponential)as ité“'“);) “‘5*"‘"#?)({"\&)} = B{?‘ é””“'«""‘”( ‘; 1)}
:Iii@w“‘iﬂun{s”} where J= %:%;-"’3- « Since Ja~| = T 1s

a small parameter in terms of which we would like ' to expand Z.

(H\r é,zf"}fn"f‘"(')( FH; Hangy) X)} }ﬂr {Zf }(‘ Sn yati) 4; ”“H"*}“ z“"(‘)z?)*"'))“ Ay 4 ] l”‘(J)Y‘L

/
Each pair 1 y,nn(1) corresponds to one bond in our lattice #" "

Each term in the X coefficient is a product of spins along
a path of k bonds in the lattice. We are summing over each
of these spins being either 1 or -1. If any spin appears an
odd number of times mv a product then any contr5Mtion it

i

makes when 1t is 1 will be cancelled when it is -1. The

N

e,

only paths that contribute are those with an even number of

bonds at each lattice site, i.e. the closed paths one can -
traverse by not going over any bond more than once. Let's [E
, call the number of distinct such paths with k bonds in them:
g(k). The product of spins in these paths is 1. Since there

are 2”0 states. that we sum over, that is the coeffict ent of

‘each path. The partition function becomesZ= l”ﬂ( ﬂq)nﬂzk ﬂ(k)?k
with g(0)=1.

(4
In 2 dimensions there s an amazing connection between

the two functions f({1) and g(k). In two dimensions the so-

called dual lattice with spins at the centers of the squares

of the o0ld lattice s again a square lattice. 7f we assoclate
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a flipped bond on the original lattice with an element of a

path oh the dual lattice, we see that the number of closed
paths with k bonds s the same as the number of spin sit- ;‘}}H
uations with k flipped bonds. Thus f(&k)=g(k) for k even, .

=0 for k odd. So in two dimensions the partltion function 2

satisfies‘z (iﬁ)wzl {f) 311 = l (M}lwgll =0 fq)(?ﬂf;) |

1
But we already saw: Z= 2-0 f(f) : If we define o "‘()Hl"

x‘ Hﬁ) )
then Z satisfles 2} 2 ( 2 (= . This expression
relates the pPartition function at low temperatures o 0

£
" to high temperatures ¥ “l . 1f there is to be only a single

/ L/
critical point, it must be when «=% (if not we would get at : >
eoniam s R A ettt
least two, one for some value of « and the other at the M
/ ,‘ 2:__ 2 - - Vfar___““;\_?‘—
corresponding value of « ) so «= TI%) = Vx T+ -] 2 0 ras

21+ -2 Nt _
or Ve = “I*VZ | ang we see indeed i(*lei)':lN ("L"';_‘"') Z( I+72)

So if there is a critical point, it happens at egs‘:\_&_““ﬁ I*\ﬁ

This is exactly the value for the critical point that the
exact Onsager solution giveg%(note that our J is twlce that
used in some expositions).

There is an interesting connection between the classical
two di@enéional Ising system we have been discussing and the
quantum ohe-dimensional Tsing system in a transverse magnetic
field. This ‘s a.Jﬂdimensional Hilbert space (we could choose
és a basis, véctors corresponding to each of the IN classical
states). We then define a hamiltonian operator in the
obvious way from our expression for the energy and an extra
term for the external magnetic field. 7Tt turns out that there

is a formal equivalence between this system and the classical
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2-dimensional Ising syster with one axis (which turns into
the quantum time axis) taken to the continuum limit in a
well~defined way. Tn the quan@um system one can define a
kink creation operator and an anti~kink creation operator
that flip all spins up to a given point. The net kink num-
ber is a conserved quantity. One can understand the point
corresponding to the phase transition in the 2-dimensional
system in terms of kinks. At low temperatures, kink-anti-
‘kink pairs form. As the temperature is raised, the pairs

- begin to separate until at some temperature the distance
between elements of a pair is’as large as the distance between
the pairs and the system is disordered. We'll see a similar
thing happening in_the next model we consider.

The Ising model assumes that there is an anisotropy in
the crystal that forces the spins to either align or anti-
align with a given direction. A less restrictive model which
allows rotation of the spin vector ‘n a piane 18 known as
the X-Y model. We will consider a 2-dimensional square lat-
tice with é spin variable k at each site } giving the angle
of the spin d?fection. The energy-of a given configuration
is E:-"jZ:(‘.j?S‘-'S’: - 3_20-37 18 (¢2“¢3) where Z«D\,
is a sum over nearest neighbors'(each bond is counted twice).

This model has no spontaneous magnetization for T> 0
because any energy at all can cause so-called spin waves.
These are configurations where locally all spins point in

almost the same direction but as we go in some direction
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there is a slow net rotation of all the spins. The total
energy of such a configuration is clearly lower for long
wavelengths. In the 1limit of infinite wavelength, we Jjust
obtain the ground state of all spins pointing in the same
direction. With afbitrarily little energy we can destroy

global spin correlation.

[ A I = L U U A
1//*”**\\\1.(/"“‘\\\ //".»v.;.\\

Tf/)ww\\ijfrhk\xfffjﬁ\\
V772NV =N ) ey
P/ A2 N Y v} A=\

Thus it was thought that there could be no phase tran-

sition in the 2-d imensional X-Y model. Indeed, superposing
spin waves on configurations where each spin is close to a
given direction (what one might expect to be the appropriate
low temperature approximation) gives no phase transition.
Various models and numerical work, however, gave evidence
that there was a transition of some sort (eg. susceptibility
becoming ihfinite).

Just what was going on was not understood until the
work of Kosterlitz and Thouless in 19?2?*‘They realized that
there were some other topologically stable configurations
which they calied vortices. TIf we integrate the change in
spin direction around a2 loop, we can get non-~trivial winding
numbers:§§¢ ‘Jj‘f'l'ﬁcb QZOJHJQJ"’ . Call those with positive
wind ing number vortices and those with negative, anti-vortices.

We can work out the energy of such a configuration in a spin

(59)




system of radius R and lattice spacing a.

VAR i e N NN
~

LV eSS \ Because far away from the vortex all near-
TR AVEN A NSV

J.' 1 / ‘/ L ‘\ ‘ est neigh_bors are close to one another in
[EY \ N A/} ] direction, it is reasonable to make the

kS
NN NS A2 S approximation: OM((i’i'(#J]*‘i”i{d"*d')]- Calling

\ NNy — A2 the energy cﬁ' the groun@ state (all spins
pointing in one direction) E, we see E-€=2T iy (d’i”%}l .
We will first do the sum over all the vertical bonds (the
symmetry of the situation implies that the sum over horizontal
bonds will be the saﬁ:e). Labelling the sites ﬁy the polar '

coordinates r,9 we see that the difference in 95 from one

]
t?{is e site to the vertically next one is:
X ] Ad‘ u @ cosd
¢ m—— -
/ a Lo (m) r . We can approx
ler of imate our sum by an integral if we realize
e .
cier ™\ that each lattice site takes up an area a-

(and remember to count bonds twice).

o e g 2 dedr-
(E'Eb)vnhcakm?ijjavea 3_._29: (a“: -gt 24 56 0 (“*‘" - Tat

:jj:_‘“ -,L—de:b,m’*Mﬁ‘ 'h':”"(%) So the total sum is: E*E.klﬂjﬁ‘ﬂ(g‘)
The energy of a vortex diverges as the system gets large.

We might think, therefore, that free vortices are umm'portant

statistically. BRecall, though, that the importance of a

cond ’Ltion depends on the free energy which has an entropy

term. Since our vortex can be at any of the "’%: sites, the

entropy of a single free vortex is S= H"\(’F) « The free

energy is F= E “733(17"3—“1"1') f/"‘\(gi) « When we reach the

T
critical te-perature Tc:r'lg"‘ , we see that the free energy

- (60)




for a vortex is zero and we'll have lots of them populatingA
the equilibrium state. When this vortex condensation occurs;
spin=-spin correlatioﬁ functions die off exponentially since
the vortices disorder spins over a small range.

We can understand physically how this transition occurs
by reconsidering the low temperature regime. While we saw -
that free vortices can't occur, we can get some vortex-anti-
vortex pairs. To work out the energy of some configuration
of vortices it is eaSiest to work with continuum notation.

A spin configuration is specified by a function 4:(?»). The

energy of our lattice configuration should be proportional
to S5é?(§¢jL. We can find the proportionality constant by
considering 7‘?‘ constant, say ¢=X4 so _ﬁ‘i"‘?d « The hori-
zontal differences are da. With an area Na* with N spins,
the energy is JN(da)® . The integral gives : Cﬂdﬁl (ﬁ‘i’)?'
=CSA€1(d)'& = Cd?‘”ﬂl so O=J. So‘ E=Jf5d? (-ﬁ¢')‘1¢

We know that pure vortex-anti-vortex configurations
locally minimize the energy (fix their centers and they are
stable). This is just a time independent field problem with
Lagrangian i;’"* S(V(ﬂl = 3J 3'£d’bé¢ . The Euler-Lagrange equa-
tion for extremitization iss )2(%%‘93)’%%:(}:‘); (7\33({}) =2T V¢
So q‘/ satisfies Laplaces equation 07‘¢:0 with singularities
corresponding to vértices or anti-vortices. These aren't
really singular points, they Jjust correspond to loops f:}

around a single lattice spacing on the lattice. We've seen

this kind of energy dependence. The vortices and anti-vortices
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are like charged particles interacting via the roulomb pot~-
ential, modelled by <f) « In two dimensions we know the solution
to Laplace!s equation gives w10ge‘1:r'11:h1:nic potentials (one can
model a two dimensional system in three dimensions by making
everything independent of one. axis, i.e. consider interactions
of infinitely long charged rods).

In the electromgnetic case we are used to the solution
d)(’fﬂ):za 13 %(\)(x'xJ)l*(ﬂ”ja?) . Defining z=x+iy and 23" x; +i32{

we can rewrite this as Z’,‘) 9 R([ﬂﬂ (- 3)] « This gives us radial

dependence. What we want, though, is for our periodic variadble
¢ to have angular dependex.'xce,. We recall that sinceﬂﬁ is

an- gnalytic function everywhere but at the origin, both the
real and imaginary parts satisfy the two-dimensional Laplace's
equation in the real and imaginary parts of their argument
away from the origine. So 4’“;3) Z}; ‘l? bfﬁ“![«eﬁ(z ‘23)] is a per-
fectly good solution. 1In fact, with a single charge at the
origin, this is d) tha I (2 bt‘ﬂﬂq(xﬁj) b’mplh("e&) %[ﬁqrh@ 9]
Just as we wanted if we define our charge qa =1 for a vortex
and =-1 for an anti~vortex. Like our spins this definition

is not single-valued when we go around a vortex. We would

now like the energy of some pure vortex-anti-vortex config-

uration. We saw that it should be: = 3‘”0’?(?4’)}’

With d)(X, -Zahb@m%(i*%) 2= X*ij . we find
x$=2 %t:fm({ 1) ;d’ Zz‘hd“‘(f‘» i,) ;‘Z;R((?L?)

So(\ﬂ’) = (D("'\(Z:,?a‘é?g)) +H(Re (T Y 25’*;)) 23 c‘)z-zal

But now notice that if we had used our usual potential:
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V)2, 9 R Jolet) doum 09280, g, k()
¢ =2 y 3 P-((z 2 3 b (25 t? .
S0 (T (ree(im )+ (- dm(ég 2,75,))) 2 [ Sy 15, = (79)
So we can use the electrostatic ¢ to calculate energies.

We can check that this gives the same energy for a sin-

gle vortex as we calculated before. With a single unit charge

particle at the origin we have: 4‘ R’i j’"’(%) J—,ﬂ"l(\,’ xz"ﬂ ) lﬁ""/(’ﬁjl)

6:‘3! "“f] dy ¢'= ’TL‘ (V&}*,qn:ﬁ.
=T §yder (U4)*= Jf SM L vdodr =303 [fer]) 2 20T bal§)

as we calculated previously.

Let us now determine the energy in an infinite system
for the case where there are the same number of vortices as
anti-vortices. 1In this case we know things will settle out

at infinity so that surface terms with ﬁ‘i’/'s can be thrown

away. We use the identity: ﬁ.(@§¢)=(ﬁ¢)t' ¥ ¢Vl¢ « So
E-T{((F¢) 2 =T [ (F.(¢ OF) - $7 )b =-T[{¢/ T4 S

using the two dimensional Green's theorem: f (%% %)dﬁ:g M‘;ﬁ”l’
(easy to see with one forms) with N‘—“b/%i#' and M"'¢§¢

Our potential ¢=2 ‘{,'aéi"‘(("“))l*()f'h)l) satisfies V29’20 every-
where but at the points (4, h).A As in electromagnetism

the energy can be thdught of as comming from the action of

the potential of all but one on that one summed over the

particles. We'll take care of the self-energies later. Be-

cause Vlﬁ"! is non-vanishing only at a point we can take ¢
) 247 e o
out of the integral: E = ’jjj ¢ v ¢f7("'

- 1 e 2z - [A 2 i {
"‘SZ{ZQ#E 13 lﬁ"'('{xt x?) + (?; 7)) } Iég:\fr{q.ﬁ:) V (67/‘ fM(

We evaluate the double integral over a small circle

(63)



coordinates to the origin and using Green's theore~ again:
SS:‘{;SSM;Q%,‘&('%})(i Q/"\(xhjl) /0[,X+§é£(§,,ah(xl+3?.)) J,j) 4. f ‘ (_:;Yri 614,+’;%’;‘5; dj>

Now use for dx, dy about a circle: x=ru<?, y-”‘«e =2

-T h.sk_ s - i -‘ﬁg—@
A,X:-(S%Gde df) ro<b db ";L"L e STQ ) y‘-*g -L"’I;—i— r

IS 9: L, " ((* )(—rsw A9) +(Wjj)(r Waea(e) = q; fej Jo= 2
$o E= “)‘?'»3—2;;3 1:%; bz.{'f:w?a"

In reality we cannot have vortices closer than a, so

we can expect an error in the region when li-Hl*A, This and
the self-energy term can be fixed by adding a piece to coun-
teract the above when lﬂ'm:a and a piece that gives the energy
needed for creation of ;:he vortices. Tf the energy to create
a vortex-anti-vortex palr, each with vorticity of magnitudeAq,

is 1‘*2 (M acts like a chemical potential) tren the energy 1is:

i d

~—MTZ‘—13‘I 5 1/‘1] Z“:‘i"} t MZ 9 . On top of this is

the energy of spin waves and other excitations with no vorticity.
At low temperatures the system will be dominated by
vortex-anti~vortex pairs that are closely bound and far from

other pairs. The energy of a pair {with vorticity q and =-q)

separated by r is: EPB“' qﬁ’jil'&"(‘n}*l"ti « We know

/3(641819;1 for ¥hsk v)
that the probabil‘lty for a given r is

so we may fﬁind the mean square separation of the pair:
< 1? .Yr 20 I\? 0 r* (—ﬁ‘-{’)J’zllq( }*lﬂ ").«d&dr
J‘a eo ,ﬁp(—ﬁ‘lﬁi}‘%‘h( )*)niljrlﬂdr
= § a P oap(- B 4T A (E)) dr
ra * ap(-R ‘1031‘%(%})&» q- %I] it R
3 4nJ 97;-31, JR
The numerator is=c er ﬂ F ‘Lﬂ( q-fniy '/3‘”3‘2

.. Ry 3' e B 1
The denominator is = "1 [3< “Rrip " ! ] 1-[u“1?31‘ a
o~ .2 (3nTg-] -
{r)=a BaANIqr 1

(64)
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If the mean separation between pairs 1s d then we are
likely to find one pair in an area d*. Thus §1is the prob-
ability per unit area of findihg a pair. The probability )
per unit area is also :1\ ﬁuxxs Wwﬁx%?f” fo?ir))/(ﬁ'ﬁﬁ‘(swz+ %Pf'ﬁx%‘?':)y of h#qu"))
The way we have defined things, the energy with no pairs
1s zero. So if z<< | then P‘”b"b}"/ﬁna :V(Zaﬁpamwam sap(~Femryy 4 f""} S
-Z'{);;nm”‘? -2fny -l ’QM(L)) /4’"33 . We may turn this
into a double integral if we divide by aq. One of the integrals

approximately gives the ar&a lr%nd oan%sljs with the denominator.
- Tadiug ~fy
o= e 2hug? j‘ "T(a) z dr

The rest is: di" 3~y Tgt m 2ﬂhg
3 (4 T "' -
= 2y e Pt E Y [lw Emig ' J ,@:«r:;., - n 8> 53, Lf'rfz
L. rethet 2.5:41 ,
Thus <( ) 'vlgge;r;nz -1 « We see that when ,827r5€“‘=l or

equivalently T ~j§L sy the separation between components of
pairs gets much larger than the distance between pairs, i.e.
the vortices become free. This 1is exactly the result Wwe ob-
tained before for Tzl)with g=1.

In reality, as a pair gets more and more widely separated,
the presence of the other pairs relaxes the field and lowers
the energy. It is possible to model their effect by an ef-
fective "dialectric constant" as we would do in the case of
a gas of electric dipoles. The only effect, though, 1is to
renormnalize the critical temperature and qualitatively our
description is correct.

Let's summarize the Kosterlitz-Thouless picturégj At
low temperatures there is no net vorticity and so there is

local order. The state is dominated by spin waves and bound
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vortex-anti~vortex pairé. The spin waves contribute nothing
to the phase transition. As we raise the temperature,more |
and more pairs forn gpd the components of each pair get
farther apart. At some critical temperature, the distance
between components of a pair get much farther apart than
the distance between pairs. At this point, the vortices are
eésentially free. Large regions can have a net vorticity
and‘we have a disordered phase.

This picture has had great impact. It‘applies directly
to the case of thin super-fluid helium filmsi’ Tn the Ginzburg-
Landau model there is a single complex order parameter 'wr)‘lﬂj’(?o({@‘
The phase serves as the analog of our spin§ ¢ {(in the ggnt-
inuum version) since the superfluid velocity is §=(‘§'4)V¢’
and the enérg.y has a term with the integral over f,?-oc (ﬁwl
The vortices in this case are physical vsrtices in the helium
film. They affect such things as the flow. Experimental
confirmation of the results expected by the Kosterlitz- Thou-

less theory have been reported.

' With some complications,

the theory éppliesvto Qdirty" superconducting thin films as wellf
It is alsﬁ'aﬁﬁlicable in an interesting way to the under-

standing of solid-liquid transitions€' Tn a crystal there

are large regions (called grains) within which there is local

order (say atoms in a cubic lattice). Tthhree dimensions,

these grains are permeated by a web of lines knowh as crystal

dislocations. These occur because, even though locally every-

thing tries to be on a cubic lattice, sometimes it is topologically
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impossible, due to the way things have connected in one

region to continue the crystal structure to a perfect cubic

lattice everywhere. There are two kinds of line dislocations

in three-dimensions and they are characterized by what is

known as the Burger's vector. This is the vector needed

to complete a traversal of the‘iattice around the dislocation

1line that would close in a perfect crystal (note the similarjty

to the idea of curvature!). The first kind of dislocation

1s-the screw dislocation. When you make a loop around the r/%ﬂﬁﬁ}m
37z

line, you end up shifted up a plane of atoms. -:Thesé are- - o WA,
’ . . i
energetically popular configurations for crystals since Lk e

\J

I,ﬂ ;’
starting a new face in crystal growth is hard, whereas véche I fJ

e

"
o
. w 3

f W -

continuing growth on a ragged edge is easy. Tf a growth

o

gets started growing heliecally it has no trouble continu-
ing. The ﬁurger's vector is parallel to the dislocation 2
line in this case. The other kind arises when atoms are

in perfect plaﬁes ﬁérpendiéular to the dislocation, but 4, ;f
within a plane there are more atoms accross the top of a

équare around the dislocation than the bottom. You can’

imagine taking a perfect crystal, making a slice halfway

through it, and inserting a half plane of extra atoms. The §

. A
Burger's vector in this case is perpendicular to the dis- &g¥“3“&
location line. The dislocations can move about in the "iﬁaf‘
crystal, the higher the temperature, the more easily. At tif

a critical temperature, the dislocations are so free that

- the response to a small external shear stress changes from
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elastic to fluid ( the dislocations can move to the stressed
area). |

In two-dimens‘ons we have point dislocations. Tt turns
out that the energy of a single dislocation is logarithwically
dependent on the size of the system. Tn addition, the energy
~of palrs of dislocatioris goes logarithmically with the distance
between them. All of our previous results hold for two
.dimensional:crystals. A single dislocation acts 1ike a free
 vortex. A palr of dislocations with equal and opposite Burger's
vectors acts like = vortexﬂanti?vortex pair. We can thus
unde£stand the solid-liquid transition in terms of pairs of
dislocations with opposite Burger's vectors forming at low
temperatures. As ﬁhe temperaturé is raised, they eventually
become free, disordering the crystal and allowing fluid response

to shear stress, l.e. turning the solid into a liquid.
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What can we conclude from all this? The Kosterlitz-
Thouless vortices have been a brilliant success but use
only the simplest of topological ideas. The field theory
lumps have as yet only appeared classically and have at
present no observational significance. The theories, how-
ever, have a certain richness’that suggests that similar
ideas may bear fruit in other places. There are some very
general features of theories that are easy to understand
When‘looked at from a topological standpoint (eg. the solitons
in sine-gordan theory or the stability of systems with
feedback). There is the possibility; for example, that more
.conservation laws will be found to have a topological chsr-
acter, thus further illuminating their mechanism. 7Tt appears
that topology gives us a way of creatiﬁg neﬁ levels of ob-
Jects (eg. we can consider vortex interactions independently
of phe underlYing spin interactions). Topology appears to
be a rich source of concepts. Tn particular, its very power-
ful algebraic analysis of seemingly non-algebraic phenomena
appears to bear a close resemblance to the present physical
theory's analysis of physical phenomena. As has happened
so many times in the past, perhaps the richness of this
language will allow us to express new kinds of truths of the
universe. It is my feeling that in some form, topological

ideas in physics are here to stay.
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