
THE METHOD OF AVERAGING IS EXTENDED TO A GENERAL COOR­

DINATE-FREE (POSSIBLY INFINITE-DIMENSIONAL) SETTING. WE 

CONSIDER PERTURBATIONS OF DYNAMICAL SYSTEMS WITH ONLY 

CLOSED ORBITS. AND STUDY THE PERSISTENCE OF SOME CIRCULAR 

SYMMETRY. SIMPLE TEST EXA~iPLES SHOW THAT FOR FINITE 

PERTURBATION AN INFINITE NUMBER OF DISTINCT CIRCULAR SYM­

METRIES MAY EXIST. THE THEORY IS THEN EXTENDED TO THE 

HAMILTONIAN SETTING. WHERE A CIRCULAR SYMMETRY LEADS TO A 

CONSERVED QUANTITY. WE EXPLORE THE CONDITIONS UNDER WHICH 

AN EXACT INVARIANT. GENERALIZING THE ADIABATIC INVARIANT. 

EXISTS FOR FINITE PERTURBATION. THE PROCESS OF REDUCTION 

MAY BE APPLIED TO OBTAIN A NEW HAMILTONIAN SYSTEM FOR THE 

DYNAMICS OF THE SLOW VARIABLE. THIS PROCEDURE IS APPLIED 

IN A UNIFORM MANNER TO OBTAIN THE GUIDING CENTER AND OS­

CILLATION CENTER DESCRIPTIONS OF PARTICLE MOTION IN ~1AG-

NETIC FIELDS AND OSCILLATING WAVES. THIS IS THEN RELATED 

IN THE INFINITE DIMENSIONAL CONTEXT TO THE EIKONAL DES­

CRIPTION OF WAVES. 

*SUPPORTED BY U. S. DOE CONTRACTS # DE -AC03-76SF00098 AND 
W-7405-ENG-36. 
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themai ical S;: _ p 

Tht first ",de,. ptrt"rlutioll "I th, tim,-« 

lYoluHo1t 01. ~1W7lital ~sUt1t l~'s'ribtd ~ a 

v,Gtot' Field X£ whl'lt 'I A p'rt"rbAti~ ttl X,,) 
t$ '1UA1 to thl avtt'~l Alo~ tht unpert"rbl4 
ivol~io" of th, lirst· ~~t.. p,rturbAti"1 Ztt XL .. 
~~~ l" t=.Ol~ ~ ~ .::; ~~/'.It) : ' ~~~,~J 
./'f """ g ~ (=-.01
X? -+~ 

t-;~e.oc./ vo) · t["'t 0( ~vJ~tiOI1 :;~)l. \(f.i~ OYdtf~ot t _ _ _rtri"u~~i~
~., er 

I 0 L u)1Je r Xt ~ .I o~ X 

-- s.. .. . One 101,.1.!+ P'li5~- fo~WtJ t1,e vetiof!> a/o:.:I t1.e ....ftK"',.b~ 
f low to fht hYt~1 fff-tt ~ .Jt,~ ~ vef'~ e.. I t is .~ coyrtd Iu _ 
hlY"I'k, fhe ru~rh~ifl1 i., s~e ('rJO.,.rkl1~ .Jlsh ~J1) ~ver~e cO~fon~{-1"'w'~t. 
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ill... ..r -- tI' -r--a -- _n_ - .... -- - r ---­
• 2 B,cause Iht ".-bits ~f lc, • .-t .1' topolf14iull cirde.s 

with the lame ptri«l, flat Sp~f whoSt .rci)Zts 4Yt "''''Ie 
,iy,)tl ii " smooth ~i/o)4~ 


.r ~ .jit - r -- - -) ~""i's "" this mall-ii.It! ~tj'ribts the 

4ri/! /'0'" loop to 'Hf'~ ~ : ., 


Prol"~ n b Mltj th4t V 
~ivu ti$~ to • ~wen -t}elblt4l 

vedor lieL! CHI the orbit '1Ma-, wmu. (I,..., I) rtprtft4s 

tJtt .first cwdtr drift, ft'CJnJ orbit to (Whit. 

tt 
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tm' ..... ..... , , ... ~~_..... .." . , ~ v-" - !!c_ .. _ I . .. .JUL. 
. , 


Girt~ a H4",ilt"'liA1t !!ptl'" ~ith 4~'-~P.j ~"''1Jrit' G 

a'lt~ on UJ "ht "..~ "L$t r",t 4 tt~,.tl"" tD d ',,~e,. 
di11lt'lSi""dl H4",i/tolti4l't ~tl~ ~It~ ,.,,,hi,,, 411 
fJ,t e'J~"fi~1 ~?lcl""il-s... I" td,Jl- G is ctbdid"J .tlt 

~ tht d;",t1JSi,,. ~ 2 I", ~vu d;--.t".,;~" ~f 6.. 
. _ He j~ertl.lvr is ft,e +ola I 

~.( i~ C0'1 Htll£J . We. 'ZJ:oose ,.. hli I 1'>1 0,., e,.,/<4..,) ye.., 011;~ J Ji... f/>1 Si 011 S 

'hi~ tons idtlr' J1n~ ic,,S Dl1. i'he. JR.3 ,,"cJiOl1 orod sf~(. t (i,e, ~o\le kli/1, -ft,e.. cel1/tr 0F ~dS.s) 

fn ftM-tOljt 3 ....,ort It.,,., ~S;P1J hI d h,1a.1 of b (m.J;-5 ~bef"~)", 

.. The ;J eo, erJor ls ~l .f.nhl 

a;J 'j.( Iar 'M(}..,e<tlu..., . FiJ< ~ ~:s ye"'olle.s J J,j...,e,.,si0 I'fJ , W'e. c~ ~o 10 fttl. 

oroi.t J~ce 01 ft.e $1A~"ol.1p of Y"o~f,·'t1.s aOol.1t fttt ~-d~n's rt,..,ov~ 1 r"'lort, 

di...,t-1Jil'1 CJ ic.obi).s elil<1il'J~(.j", of .fl,e >toJe). B..t ItOw ~ il"J~ roiJif>1s 

art hot ~""'",elriu (#1~ cn~~e. fttt e ~axl'J) so wt ~ (P1" (t,btc(. b; 
(;\ /oh.1 ot l.f r1"Y'1~si~I1.J. 1L,iS "5 bl.c~l;t~e SO(J) IS ~-c}hd,~. 
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Aeeretn; rCr t. 11'\ ()l'j il1Ytrvtl/ J... ~,.OU~ V we ",re
a 

c()""f)eft vet'rJ., (,'eld Xl 0'1 tit "",dhi~/J. M, 

We Je~~e 1/.' fR. ~I x '1--1 f1 b1 t,l (p) ~ ~ ~ (,) ) #,~ 
/low (..,. /1.,.,e c( 01 Xl' 

; j",., A'O) 

Vdr/t.J i., 

:t 'Y.V (p)L 
Q 

1J,f.. c/~j~ JS 

~t>Jl tf) dt{,'neJ " 

I) (ro lilt .r). 

" 

i.~. I/,t, J" (,'''JJif~J~J l'u-,4" ~dl,i.n-, of .;z.,~ ';"n,t qlo ?/~W !J 'iJ1t.- 'Vt~t 
./ ofI.~ J¥t {;..;Jtl1..... / f(f;"'rb.~i>1J .~ i'J,t ;,,~rJ ''''V{ If Xl. ley I...... "'• . 

DehfJe ~: I x f1 -71ril'1 h7 (£JP)H(E/~/iE. (p))={EJ"I;.)E(PV 

i.e, it IJ ft,t /Ioh/ Df X :::: (0) Xt ) 

E; rlthJ",J,'".., 01 t:Jt J iJ ~~IJ ~~k 10 '«r~ 10 

fJ.,,.1~~ ,/ ht i....~tf of fJ,~ C&1,vef. 


SQ (. (!iJ 0) (c')f) = !JOt f.tJiJf) /[Olo k"J h; tl,e 


J({p"J;~ of t fJ,'S iJ =- (-A) fi t 
o 

)£ (p) 1£;;(0) 


fS; 	 ~ ~~'.J IDr"'~liJ r(/J~ (ioov$ r;.,,{ Lit Itriwf,'vt!: 

t ~b ~ (Od() 0) =-;: Lx (~) 0) ::;:' L~ X 
t 	 f 'j, • * ~£ 

= -};. [ (iL0) + ro ;e. .L.~ X 101.] 
t CfJnJI1J1t-	 _--~----1 

E~t 1oJ< (-A)o):: (~) 0) :: (~~~) f l ~A' Lh X J~ 

SO) betc>.l-tJe ft.~! sdk/; he J~)4;)e "~/'J"d' (O;'~' ;"'f?rj ~",J f4,e J~e 

J,"lkf~fiJI t')vtrJfjfJV( ()11. r(rx f1) J -' i1n;t/llth~SJ of !OJL1 tiffV15 /ell'] ld 



• .-f IltJn). f';.A.'SJ! ()'trf r}.r(~~.1 '1),1'1("1 

,,,;"j((dl'}(1-) -i;f .~d;'J'''~h(-"f-Q.}r~~ =(d '}(''?/'lf 'O ]/ (d) 1('~ ~(~) OJ 

)Qf Y. ~7 · "';;. oJ -f (0 (T) :: (0 r T) ~ o~ : f@~ o~ ? 
f't7 rIP! >~'1~{OJ jO fSN11.1t 11A11 ((/;.IXI)). ~o luJ.t;t'II1(;; l(l.'tWJP'Il'f 

d~J dW f'At! r~1.1~()) If!.'r"'.' dl..(rr ~11 ~f!.jf1S' i"J1,f ~JW-eny (as 
'n! X ?; 7,v~ J -f (0 rr):: 0 (T2~ (OrT) ~~ }'I[J 

___ '-<~~~_ 0 --~------'-'------'-----'---=---­

j "'f/rl.(f)1 ~ 

[ 't'l 'X V 7 . v~ .J + (0 r{!) ]"1-­
X ~7 ~ ~ ~ (0 (~) X7 ~ ';; -=(0 (\~) "';t( 1­

: J1A,'tf>/l,l./y ~! 7 {4-fI fl't0lt ~rpJ r/"""OJ /'o/-M ~ ~ 
(oJ =JI (d) ] (O~ !f (!f) -= ~I ~('1!f ::< jQ ~,'t./~~I' 

'J'If Jr f'11 'J~JI Cd(])'~ l~Q = (Jr.)) (0 rlf) "') aS 
• J~/1.JU1 ~'tf )0 nf~! ~'(,f /' ft""1r~ 

at ~.I~ 0.; >-t\¥Jr/~ 'l~t t.' ( ,,: 7-to tcA.,.H"!f1f is \ I 
( 1 X (0) :: X jq 1'1°/1 }";f ~, ~,I . ~'J 

(rJ)3(1.,(l)~((d) 1xl(1)+-4(dr}) J~ w)GT(-LJ xl : ~ 'dl{jJG 

")0 ....Of '" 'IX j' ),1''''' ,.,r;;,~.( t.:7P f~YP<f~"IIJI 1~,IT1f~ /I,' ?'ft JO 7'U 

?~I"" ~~ !,I AO/1 (1tb 1~.'t J'tI-jO i..v!.'terJo/',J (fl-ifJ'I/.'4,'j'f.' 1W "" 

' ~----------------------------------. : 
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YvJ,~ X(f) :: Ax[ (PJI[ ; O i~ Y4t i~Ii"r'~J,~J fltI1lfyb~''1 ,I- 1.0 
) j J~ I-;f! ;~) T1 M ~V ;~ T 17. . . 

. e . 1-0 C., /J t () f dvr· ;vi ( ~(1 J't if it f1-vt JIt", 10 /r-rt I .s 

} i ,e f. ~BY~(' a f ,j·1u. " ~ . j ht l );,J I V\1 

rU(~I'('~V((j) "£.!~!-,-j l'o) it'tr/H;0 

• 



J 
'1 /Of v 1l0 *'~(~.J ='>')17(')o~ ~ 

';'0 : r.J Q ~,. 0 f '()?rt SL-i I 5rfJ)O{J 'a I' f >A! r 

O~JI% ~ ~ (U/1.1r~o;t, @;~~~'1t')~J I 
LvI ~ r 1 J 11! 'it t! '(\ (·f J D )Cf!lA.~"!J aiZ,f 

J I eI~.JI 0/ J--J4{ k.J 'J ~t At dLft 3 '" ~ )1'1 JQ Ctr' Lj <l.j . d'! 
·w1 'J1t ~,J Ll ~jj!1''1r! ( . 

Ox j' 4.J,fY~J.~I.~J r~.'nf/i4~t,.! 1~ s~ , · l( Ci) lX lf '':: (J) .'G M1tt1 



: 

~ 

. 

ov (j Ibv ~ J. S<l'->~ . s()h') ru i.., ./-t,we.-.-, I ,f- M is I" "",Jj, /-. ':;' b 

!",SSf'1 ~~ ",,;-/4, b,dJ- fj 1 <M.! x~ ~ rt ~ID)'dI! 
~IIPvf'~ ~MI h~~ HE (so Xt :, XH[ =f·J Hl-J )W/'.J..iy 

11t<, I~ {;jcf ~ y"•Jd ( d , ;J t,~/ fr..";,,,., ~ ift, h"",..,1 "..."'"' 

[= J;. *l/lCO1-~)i. J~]0 

t . #'e h~........:I.;r-.1 '~ 'J-t~'J;,~ rf1) e /4 ~ih~~M ()( #t: ,O(v i-Ih-v 

J.o ~",sl ,$/),'1 'i'1 f , ,',S .- f~)p. (), V(~ll:J~ rft/~) ~~ la~ or ~e 
h~""-flh'l-.lf~) )i'1V,J1IJ t/ / '-{ IYIF, kI1I+J )~'J f'tffl/~~hl"1 tJ.I a Itt"! 
~ Fi.-J t fit rl ~ ~d- .:!& (p) {i , f -=- .l (X .f )/

~£. (;0 ~~ Uc.<p) ~ : o 

~ ~ (ff) lid (1')) to ,,/f) ~ I"o} (p) ::: Xa»'1 ,t (r) 
at t:(} 

So ~.h I :: X=-~ll [uti) ¥tJC':.J1 ~ if 
4E f.~O c>t,. [ :- 0 ... v 

JP/Xt hV« ft,if ,/ 1f IJ ~ f,JJSf1 ~~p (l(. !(IJ~!J~ 1J'-J~j}py) 

1"'1 ( D 'i(P)' Xli (f)) (l):: Xfi(f) ({''f) :: {Fo ~ N} (I") 

:: f(o 'I) Ho f'o 'f} (p): [f) No Y-'j(y(p)) ~ \iol'-' (ry-I,,)) f 

/• 

l 
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