THE METHOD OF AVERAGING IS EXTENDED TO A GENERAL COOR-
DINATE-FREE (POSSIBLY INFINITE-DIMENSIONAL) SETTING. WE
CONSIDER PERTURBATIONS OF DYNAMICAL SYSTEMS WITH ONLY
CLOSED ORBITS, AND STUDY THE PERSISTENCE OF SOME CIRCULAR
SYMMETRY.  SIMPLE TEST EXAMPLES SHOW THAT FOR FINITE
PERTURBATION AN INFINITE NUMBER OF DISTINCT CIRCULAR SYM-
METRIES MAY EXIST. THE THEORY IS THEN EXTENDED TO THE
HAMILTONIAN SETTING, WHERE A CIRCULAR SYMMETRY LEADS TO A
CONSERVED QUANTITY. WE EXPLORE THE CONDITIONS UNDER WHICH
AN EXACT INVARIANT, GENERALIZING THE ADIABATIC INVARIANT,
EXISTS FOR FINITE PERTURBATION. THE PROCESS OF REDUCTION
MAY BE APPLIED TO OBTAIN A NEW HAMILTONIAN SYSTEM FOR THE
DYNAMICS OF THE SLOW VARIABLE. THIS PROCEDURE IS APPLIED
IN A UNIFORM MANNER TO OBTAIN THE GUIDING CENTER AND OS-
CILLATION CENTER DESCRIPTIONS OF PARTICLE MOTION IN MAG-
NETIC FIELDS AND OSCILLATING WAVES. THIS IS THEN RELATED
IN THE INFINITE DIMENSIONAL CONTEXT TO THE EIKONAL DES-
CRIPTION OF WAVES.

*SUPPORTED BY U.S. DOE CONTRACTS # DE-AC03-76SF00098 AND
W-7405-ENG-36.



€Stf0 > What do W({;AH&%__M&MM of a
cha}'gwl ,oarh‘clc in a db-ﬁ var/inj nﬂm‘ia Field, the
oscillstion center descriptio 4 , cha/qéd particle in a
hgl‘{p:(?qo}g wave with Jl;-ﬂ VJ;;?;'E Jmf(&m{" ‘Ute dl‘OMI
description of h{ig‘t’fﬂzlaf:? yaves ”"’ﬁ:? i a slo:.i/:,
Y‘,'Q‘:"j ”1“{:‘”’1, ad  various other ﬂq:iaxl crampla that use

ADSIEr? dn ah case 2 natunl sepmtion o gpae

time into scales of fast lon owurs because

of +he presence of an approximate etry, This allows
a JiMplified description  of  the ?l:,ndmits to be
(gfvcn.




ﬂL’IL‘ Jo deveZOF a  unif igg ageomef e framework
for these examples, making oxplieit comections
with modern (geomtric /dgmmics.

Adartages of this Approach:

I_Coordimte -Zree
-’ed,fj to use in any Cﬂ“""fﬁ’/
> results are explic/if\/n, independent of coordintes

(other approaches are often ot !)
L. Werks in an entire Hgmz"]faum Yramework
= (for Hamiftonian systems)
> autoratic conservation laws |
- comections with Hamiltonidn field theories




E%fkf tor infinite~dimensional systerss
-mpplicdblc to wave ;gstem.f

IV Provides connection between Zzodlm’, “Jheorem
and averaging tecdmigues

. Gives in:jghf into preakdown of Affroximafion

¥ cgandric stracdwe of resonances and bi furcations

-)topolgz’aa? obstructions to simplz’{icd}ton
~+ long-term behayior - . chaotic (f{l,ndm[c_c

V0. Gives insight into non-wiiguernss of resulting syster
T et geomdric exmples for fintte perturbation
— comnection with intrinsic non-wnigueness inherent at
any level of pertnrbotion theory that arises n

Jakens' t h% of normal forms for vector fields



')Z[L Sgﬁab (geneml Mgckl for findiy 4 upardion
of scales in general systers " with approvimate

symmetry

1=

Unifies the framework of many physial processss

_]Z; Comeds drifts and jg.seude'ce.f_ Pt arvise from
avergﬂf?‘!ﬂ with “effective %otﬁﬂtiﬁli_” and
‘magnetic” terms in the Poisson bracket +hat
vesult from veduction of fy:tcms with gmmdg

X . Sheds light on the “seometric diffuadion” limit
- 2and its am(lqs in nom-wave (g,.«tcm
—rcomections with catastrophe theory drenormaliaation cgmnf




Heuristics of IMotivating Physicl Examples

I fuler buck? ing and related Fl“ma instabilities

$ing Je unsbhk

.Fi’ff'i ML MM find point

Force Forct

Symmetr

rod buckles when F > Ferit Ferit '
bt i ooy bectiin bifurcation diagram

_b:_Brek'ﬂ? indrica 14 dr

now 3 preferved divection For buckling
-?Tagmm appeass te clwmc rJi‘lﬁ _________

What rall for small ptrfmh‘wn? '\\
2 Still buckles in an /_t‘ dmdwn but e
Jlm;/_ln drifts to Pfcfemd dnmtwn. fgb

E/ B"M"% Symm dfg mtro;]uced A few .flow tzmuale~ |




']_I_t_czgromo}ion of a P&’tt’dt in a mﬁnd{‘ ﬁg]‘]

MR
A, Homogeneous magnetic ficld

par}ick orbits are helices= 5

rotation of hel lindcr -
C space 15 ¢ ry =<
n phuc space s e gty o

b, S lg‘ hﬂg inhgmg_gcncous Mndic field

breaks the cirde symmetry sliaht i =]

e et 1]
Jpartides stil] app;:ximatd 40 i helices [ F ]
but slo’:_lg dritt from hcﬁﬁ

% to ﬁlh Pl

_]I_Q_.Osci'“a%io center motion of 4 charged ,wtz'dc n
a h,igh-fre«luenﬂ wave

|

L



a. LONStE impituac wave J_JUL_b/ W

prhdLQQQIth back and foth
> circle s symmetry in phase space

b, modu lated Amgldude

Fdrttdt still oscillates, but center
weakl‘] accelerates as if in gtndwmohvc gafentia(

]I, imear Mode - Couglmg

Dl enerate ener state in wave $ s
0a¢

rclahvc mix of ei efdcmbtu is constant in time '
_va_ Slight splitting of ciqenvalues oded

> ene 94 in modes :low/ﬁ' Sloshes back d fortl,

Y Two-species qas (ved and blue atons) Iy (armhtml hdd
_._‘3 s:mc&g u’d‘r ru(**"bluc "WM »ux% ':':':i“.;.:."_

b ved atoms slightly heavier 7 atmesphert low leads to R
Slow relohve dens ity qrdieat Y




YI. &ikonal waves |
. 98 Homﬁencm medium

> waves of frqum/cj w come back ko initial sbti athr time 5

¥ cirde (‘s‘!””'wﬁ'] in eo-dim state Space

b, Slowly varying mediv

7 wave packets move according o r equations s :
»Slow drift from pbne-wvcfjéo pbnawvc

T, %mmics of Dislocations in $luid instabilities
¢9. Rayleigh- Benard @@
i L Feet volls
a Exad homosgeneit -?supcrpo.tti m of ptr 0
~Etiovms 5

> $wo-torus ;sjmmc/lﬂ in state spacc
Mi dislocations in rol] strucyre
classified by 13 horolopy qroup of bww-terus
<> these dn‘@"dow accordin (fz %cf;’rown it/w'«fu
s

7 locdlly Wy b be plane 7olls  “eckonsl” descriphion



Nathemat ical Sigp B o g,
T, The Perturbation Lemma

The first order Ferfurbatwn of the time-«
evolution of a a}gmmm\l ’gsfe”l (described by a
vector il X. which is a Fertqrbahm of X,)
s equal to the average along the unperturbed
avolution of the fwtwrd# Ftrtarbdi'wn in Xc.

> 2 £=.02

N o 5}
PﬁN—j é {f Til order rfurh‘l
X_;f —$\l , £= '1 of ﬁmeg( lowolx

hm & evo)m‘m of time evoluhon o\C j / {::r;t order Pcr{urbehm
P un er E under X

WArntni: OHC _.E-S-t MS"\ FD”\/&fJ 'H‘IC vedfors GI/J 'ﬂ.c Un u/qud “— —
F’OW h the A”N’ f’ﬂ«f &*J ‘/tv(xq qvef%c I+ s & corrcd o
wrik  Vhe Pulu rbobipy m srme  coordinole J/;}Lw\ snd averc:\?e w»./oonwf wist.
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1I. Avemging Around Closed Orbits

Assume al) orbits of X, are closed and of peried 1
P
(this is no restriction in the Hamiltonian cage: sec ¥). Given jﬁ_}
vector fidd Y, we define its average around the
g , may define its average ar d
loopss ¥ (= § FXo Y dx where %X, is the Flow along

Xo for a time «),
The loop average has the followi:ﬂ nice froperfiu:
4) Xo =X b wnpertubed vut fed i iks own average
_b) ’ZX‘, *'757 the loop averaqe of a vedor fidd is
ﬂ?nmdrit wder he unperturbed  Flow
_Q_l [Xo,V] 20 the infniksina) version of b) (comests v/ norma] forms)

We will be interested in the ase )= %‘L,O (T.e. Y 1s
the first order Ptrturbdim to Xo )‘



Al

Yrojecting to the Urbit Space
Because the orbits of %o are all fopo]ggiuﬂ circles

with the same period, the space whose points are these
civcles is a smooth manifold, ( Kruskal calls this the

ring -space .) Qﬂmmics on this manifld Jescribes the
drift from loop to loop. e Wil

Proper/g IIb says that Y
ﬂiva rise to a well-defined
vector field on the orbit gpace, which (from I) represents
the Lirst order dvifts from orbit to ovbit.

(Moser has shown that non-deqenerate fived points of the frst-

order ngmiu ™ the orbit space represent loops frm which perodic
orbits of the cxact monlingar Xg bronch off. Morse theory on the orbit
Space can quarantee a certatn number of periodic “orbits.)
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Hamiltonian [Nechanics
In modern Parlamc, a Hamiltonian ﬁ.«tcm is defined on
a Pﬁumlnanﬁa)i‘ This is A manifold with a Poisson
bracket i,! whids takes pairs of functions and qives back
a funclion  satisdying:

a) Bilinearity: {aﬁ*bﬁ,ej}"a“-,ﬁ}*l»fﬂ{_ﬂ

b) Anti-symmetryz {£,9}--{9,4]

<) Jacobi tdentity if,iq,h}i+{9,1h¢1}+ 1k 19)}=0

d) Leibnitz rules MM+ 1 {f"‘i

Every function H then determines a t!gmmia via the
vedor ficld R, = §+ H} (in coordinates v we haves Xyg=l H)),

>
=]

Thus the time derivative of an observable ¥ 1s qven }J
the wwal 2 §=4§ H}



A, Hamiltonian Orbit Space
In the case wheve X: comes from a hamiltonion H,
(50 xe"‘uf { i Hs,f), then in fact the First order Peyfurbah’m
Yand its average Y are hamiltonian,
The Hamiltonian for the avenftged Ptrturbaﬁon 15 the avenqe

around the loops of the Hamiltonian for the /m{urbdtiant
ic. S: ?;in O FuXo e

Nlote tat 7¥ all orbits are ptriodit in a Hamiltonios ﬂ:{em, Fhen
the period is ;AEE.’M to be constart on eadh energy surface,

E Hoether's Jheore

Symmetries of a !-Ifmiltonim system are qenerated by

conserved 1uanhh¢.«,

Proof Let 7 gqenerate a syrmelry 2 ic. X;-H=0, but then
J=§3,H}=-§H,3}=-%,-H=0 50 T is conserved. M




)
110N

E_,:Lhe Process ot Reductios
G{Vln a Hamiltonidn ﬁ&t"’l With 4 (grmp of ﬂ”lﬂd"z" (>
adi:tﬂ on it, one may restrict attestion fo a lower
dimensional Hanmiltonian ﬂdcm whidy contains all
the essential c!gnclmia,]:n case 6 is abcll}m, one m/]
reduce the dirmension h X for cviry dimension of G.

e’,’t)f ranslation %m%(f;’?fﬁfﬁi The qemershr (s the fof

momentun, omd is conserved. We “chose a bl momentum, removi:J 3 dimemsions.

We consider o(/na»,.‘c_g p the RS ackim orbif space (ie. move with he cenber of Mass)
to romove I more dimemsims for 9 bkl of 6 (RS s obelion).

¢g. i) Rotation sypretry> G=S0G) The queshe is the bl

a;n\?u/dr momemtur. Fixing Vs removes 3 dimemsions. We com 90 b M

orbit space of the Jul()grou'o of voltims about he z-axis nmov‘i:j 1 more
dimension (Jacob)s elimingtin of Yhe node ). Bat now x aha(r:j rofhins
are not g\tjmmeﬁiu (%/cj change We e-axis) so we e mly redace by
a bkl of Y dimeusions. This is becomse SO3) is nom-sbeliom,
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VT z4fective als and Magnetic Jerns

in the Poisson bracket ave often the vesult of
reduction, dn the iind example, qoing to a rohlitg
Syame of refevence introdwes a centrifugal force
(modification of the Hamiltonisn) and a Coriolis
force (modification of the Poisson bracket).
andmfa of a oha!gcd particle in a maqnetic $ield s

most natura/I_Ij represented (i.e. no unpllgn’al vector potaZLt)J
by 4 non-canonical Do 1sson bracket :

with the Hamtltoniay bei:zj émt the kinetic cﬂgj:}_'k‘"m".
Since the veduwed Poisson brackets often look like this , the
modifications are called m-;gndic terms.,



A classical theorem of Larmor says that to first order
in B the Coriollis Sorie acts like A magneiic ficld.

A school of nincteenth ccn'?u/rg thought (fg. Yelix Klein)
felt that al] potential enerqies arose in this fashion from
the kinedic enerqy of hiddex d;yrcu of freedom, This ides
qave qrat impetus to the kinchi “‘“’:7 dewription of l‘htrmordjmiu

_].Z,_ ,ﬂvergging and Reduction

We may now look at the case discussed in ¥ As a
Hamiltonian ﬁstm X0+ Y with a cirde ”mmig 4¢m}ed
b H. Gobﬂ to the orbit space is they md/lq the
process of reduckion. We also see that He is a conserved

example of ﬂrom}fm , Ho may be taken to be o dunction of

the maanetic mement which is then an adisbatic invariant,



Wn this setting,we sec that the drifts and psendoforees of|

averaging ave cxatly e effective potortials and magnetic
Poisson brackets of reduclion,

&._ Apgraxfﬂdk Nocther's Theorer

Arproximai’c symmetries lead to appmxiru\tth

conserved quantities.

ﬂ?_"f! .Rmtm J (_gmcral'es a transformation under which
the fjmmic.s is approximk/):, ﬁmm/n‘c: e XyeH=¢ s

(4

small, They T =Xy T=§T,0}=-§H,3}=-X;H=-¢ is smal) A

Jhis explains w/l_vj a Slfjh{ br(dkitg of {Jmmdriq should
Jead to ﬁfjnmi't.‘ o A slow time sale.




Al. Ate Jransdorms Jrom this ‘Perspective
We are ,given a Poisson manifold with il_gnamiu
specified by a Hamiltonian H, . For Hy we have a
circle symmetry qenerated by J,, 50 {Ho,J}:0 and 3,
is conserved,
We would like to Sind a circle symmetry for Hy with e#0
(ﬂcnerai’ed l/yj Je . I we choose A circle ackion it is hard to

fjuamnfee that it is Hamiltonian, Lf we chosse a (sgmmet:,

qenerator, it is hard to (guam:fa that it generstes 3 ctrele
action ..

We maY accomplish both fgouls f_-] dciarmiﬁj the circes of
Jo by a canonical transformation,

As ¢ varies Srom O 1his transformation varies from
the 1den tl}.«,.




:”ws 2 it is convenient fo think of the transSormation
As the time-ome flow o8 a Hamiltonian veclor field
Yke generated by the Hamiltowian Kg. We would like

to Jind K, so that:):f H, J,cexp(-X Ké)}» We may expand
consistently in € = |
O {HO*"H,Z HI Ty 'éxki T*C‘(Xw XK" }

3174 el TH'3,1 - fHo X T it Ko )wx ki)
%o Sirstorder 0= SH' 3 1-MH,, 13, k'}} =~ 1T, 5K, Bt H'S
One choice is {K’) Holt H'=0 which Leads to the method
afaverggiy. We. see, tlwyh, that we may sel this to be
A:nﬂthi;:g that Poisson commutes with J,  i.c, has the
circe ﬂmmdr +



M.ﬁdﬂpk_ﬂm;ﬂniqumx of the cirde ;grmdg {nxo'
¢ ing. For the unfertu bed §1 '\
he ‘_gmcral Sctting, For y ow
we just rotate a gglindtr. R’ﬂ Perturbtd Flow L3710,
fjpi@l’:’ hos A discrete set of closed orbits Separated ,1:, helices
which limit on them, () HA )

Stnce i€ brackets ave anti-commmbsdive , i we wort a Symmely
(ngrakd éﬂ 4 Vedor ffeld ?g ,(l'.(. ift' X =0 ‘[ E;}XJ "ixé'd

e we need g@ define 2, at one print on cach orbit of X, and
ey push it forward d’% the flm to the oty points.
dn the case ot hond, we My pick ay circde that crosses gach

orbit of e helice| part exac ;I:, once WA )
Jake Z, to be faﬂﬂn‘ to this cirde and oy it by the
Fflow of X, to 461" . infinike fam/ib of ﬁ”l’ﬂ(tfl‘(J..



Consider the 2-dinensional x-y motion of 4 charged
ol @ o i ~ s 2
parhdc in a linear manelic §ield Bzmy. [277) |
Define the veclor potential by bhim  Ay=0 e
i 3,“;—%-%= '%% =<y s0 we loke Ay=-Ty.
T‘lt Hamilfonian is H=§((Px+ ‘3‘:,‘)“4’);) and sine it s
x-tromslation syrnetric, p, is conserved, The equstions of
W are- i’-%%‘:pxr:‘i?‘ é:%’%azloa b

‘B = » ol
79'0 PB:-%% =(,9x+3“a)a2
ﬁ Px: CNUtGH{ :)D: 5:’53 = dff» +%l ?3

i€, Ouff%u Eyuotion

(etrahe) Potendial - \\JUL , Phase Fortuait: %x

Orbﬂ'j in x-42 m’? —— AN Wém
>QUR, > B = & >k P R e PR

in DuFﬁ:j




Jlow pertwb with low smplitude wave in the y diredin
to get paiodi% driven D!l”i:g't egr. This has been
shown to _r_/ig_m_nu:l__q_ have Srale horseshoes in the
izmmig by the Melnikoy technique, Jhis shows tht
the stable and ynstable manifolds of the wnstsble $ived
point cross transyersally (vd o st dob li ) )
Dhis fores a rﬁion of P)ldjc spac ( éi"/ ) to be
conjwqate to a shift on sequences of 2 syrbols.
The 40’1“13!0@(( is that thee are initiol wm{ifi&m

| Sor the partide with orbits like: &t L
i with dng sepnonce of ... UY DDDY ..

A7



ma{}wmdfica} Addendum

Exact Statements and Prooks of some  of
the results indicated previowsly.
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veries iy I (f In I) A0
P

;Ag}f({/p)/g:g is 8 Bhoet veur in T, 6 /‘?'
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