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FIG. 7. Line Iitlfcc l.!l In nemnllC8. This phor.o"rajJh hat! been mack! by M. K1emlUl. Her W e liee d ..arly two kinds of Hoe defeca-: 
the thin hnell, WhiCh reprc tienllupologlcaUy stahle defeelS (Index i: 1/2), and the thick Iln"d wlLh hrlghllllllcll, which represent 
topologically um,talJle ddeud with II probable Index 21. We hllve <leHneLl In nll .:ttl the Brllu>Iol!t 1hI~I'e" 01 a map S~-S~; It t. 
vel"Y Inwlt ve In UII.! lIimple~l calW! 5, A.S.. linee dl!gree (II, \s the alaebralC number of turnli /111 lbe circle 51 of the Image l( 11') 
wilen the azimuLh of makBs /Inc pobilive CUm ((rum 0 La 2..,. Similarly on., d"flnelilhe Inti" of lh" Ll ro vu.) of a conllnuous 
vector fIeld on II lw....dlmenalunal surface: In any local coordinate sYill.em In tbe nelghborbood 01 1( o. It I the delIree of the cor­
l"elipo!1dence II: U lI l1 \1th of r (rIellr ~.) - atlmutb of Ii r")j these two a:umutbs are defined modulu :.!r. In tbto caae of a Held of 
dll;8cl.Ora "trl, eorreli pondLn~ to the local orlentaUon (In A plane) of. neD.-ttc, the azhnutb of ,,(x) III dellned modulo 11 and the 
custom In pbYIl IC . Is W define the IndeJt of a ze ro " (.1'~) muillplt;s of 1/2 . Examples of IndeJt In, -J/2, I, and -1 are given In 
.' 11. 7Cb), 7jcl, 7 (dJ, and 7 (e), respectively. The»e n~rell repre8eJlt the field of orientation o( a nomallc near a Line defect and 

10 II ",.. Inr1f>x \" consened when til6 ]lerpeodh:ular plane Lif moved along lhe llnfO defect. It's. ,cod 
, " 

http:sYill.em
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"n«(G "11 ." ( th rf> art' no wall d fe ctll . Thill III the 
ase lor lIuperfluld "Ialell and more generally ror all 

Uquld or liquid crY8lai phases; u a general rule singu­
larity 8\1 rlac s In Ilquld do not seem to be IIlable, u Is 
predicted by lhf' homotopy cla8l!llHcaUon (or mesomor­
phic phues made with chi ral moleculea. In these cases 
the '"otroplc liquid phasE' has a rolatlng powe r for opti­
cal polarlzaUon, so its symmelry ~roup cannot contain 
reflections: It Is £0(3), the connected Euclidian group, 
(enerated by rotations and tranlliationa. Theile opti­
cally active chemical I'ompoundll often have chlral 
me.omorphlc phalles (chi ral smf'ctlc C or chol,,"If'rlclI), 
wholle rOlatinp; pow"r can be larp;er by IK'vf'ral orderll 
of magnitude than that 01 tht' Isotropic phases. Homo­
topic ciallsllicalion would prertlct wall defects If non­
chlral mol cules I ' - f : (3), e .It. , racemlclll could form 
chlral ph alit' sII. " with a p;lobal lIymmetry group H 
.. [ n(3)!, No su h phases have yet been obllerved : they 
,... m t be fundamentally unlit able . The llilualion ill 
vf'ry different lor crystals. Crystal atoms or lone have 
no chirality. AmonII': lht' 230 crYlltallographlc claut'II In 
thrf'e dlmE'nslonl', 65 correllpond to c rYlIlalloltraphlc 
groupe 11 " £0(3) lamonI': thue 65 Ihf're are 11 pairs of 
Illomorphic Rrouptl, conJulta1t' In Aff(3) bul not In 
Artn(3)1. Crystalll bf'ton,onR 10 Ihelle 65 crYlltallOttraphlc 
c1ullell do have topological Iy stahle wall defeclll. called 
"twin boundaries" : Indeed they annihilate by pairs all 
required by T! ~ (f 1-. (3 ):fI n-= 7. 7 ' 

We define at tht' end f St' c. n. A "topologically stable 
conrigurations. " Tht' contInuous function d>:V -[c:HI, 
dellcrlhlng the local states flf the medium In the volume 
V , Is defined ("verywhere on V hut II ill not homotopic 
to a constanL This can happen when the domain V oc­
cupied by the phase Is not contractible-for Instance, 
If V III the volume between two coaxial vertical cyLin­
ders, bounded by two horizontal planes. Conllider thill 
volume fIllt'd with a nematic wholle molecular long ulll 
(the dl rector) lS horizontal and everywh,ere orthogonal 
to the horizontal radi .. l dl re lion : hence on the bound­
ary elV this ulll Is tangential; thlll Is actually the caee 
In many physical lIituations where the nematic mole­
cules prefer to be parallt'l to the wall of the container. 
We have described a configuration; it I. topologically 
stable and has no derectll. If V Is contracUble, we have 
proved, in the samp fashion 38 Eq. (29) , that every con­
Unuoull funcUon V!. X , valued in an aroltrary topologi­
cal IIpace X. III homotopic to a conlltanL Thill would 
exclude the existence of topologically stable conflgura­
tionll If we were not i"'bo<;,nf( .<;(m'~ OOundrTTY rondi· 
'ion (making V equivalent to a noncontractlble apace) 
which are naturally su~p;eeted by physic.. Here we de­
fine and dlecus8 what we shall call the "normal" con­
flguraUons: those which may edllt Inllide an ordered 
medium otherwise in a perfect atate. Con.lder a (con­
tractible) domain V occupied by an ordered phase tn a 
perfect etate everywhere outside a ball B, 01 radlull n, 
so that the funcUon 1/> : V - [C:H I describing the local 
states III conlltant on V-B. Of cour.e V can be ex­
tended (continuously) over B with the warne conlltanl 
value. Given a function tf> , constant on the boundary 
ilB~ " S, of the ball B" are there any waYII to utend it 
continuoullly Inllldt' B, which are not homotopic Lo the 
constant? Since the ball IJ I ' With all points of lis su r-

Fro. 8. Eumple or a C'OIlf\curaUon In a two-dlme"ll8lonal "ne­
matic" v('rtlcally oriented oullll,le the conflK\lraUon. WIth the 
origin of coordinates at the cl'nter of the figure , the orienta­
tion at tIM! point r makee an ~Ie fIr ' wIth the .-ertlcal, where 
1(0)-0 and fty)." for T >". Thla confIRuratlon III DOt topo­
10gleaJl" stable; It caD be rontlllJousl transforms:! t:.ck Into 
th!' perff'cl "nemllilc" vertlrally oriented . Note Imteed that 
IG :HI=S. aod 1I'1(S,)-1. 

face Identified. ill homeomorphic to the sphere 5,. the 
homotopy claaBeIl of the continUOUII extensionll of I/> are 
given by t'3(IC ;H I). For mesomorphic phalles all the 
t'JC[C :H I) are IsomorphIc to Z (llee Table 11). 

Here III a clall8ical construction of a ('onngur~tion 
belonging to the homotopy class n r= Z . Take all the 
origin of coordlnatell the centt'r of B,. the ball of 
radius fl . Choolle a continuous (unction ((I) such that 
f(O) ~ 0 and l(f) " 1 for I " 1; such a function can even be 
infinitely differentiable, e . g., 

1_r/2
/ 1I •

,2
) O~f " l 

((I>" • (28){ 1 1 I 

Then, the pollitlon of the local IItate at the point r III ob­
talned from that of the local lltate everywhere constant 
In V - B] by a rotation of uie r and angle 2mf(r/fI)." 

A. Table II IIhowlI. the valuee of ", homotopy groupe 
predict no such configuratlonll In lIuperlluld 4Re but do 
predict them for the two lIuperfluid phases of 3Re. 
TheBe confllUraUons may have been observed, but not 
the Une defect., yel 

"We line Jast del'lMd amooth maps S, ~ p(R, 3) - 90(3). 
The reader can eall11, vertfy, from the dertnlttoo we ,a't"e of 
the Brouwer dell"ee In Ftn. 26 , tbat deg Ix")=2,, . Inee oS, 
III the unlverl5llJ. double covering of PIR , ~f), the tayJftotopy clus 
III " . We could t.ve defined x. - fie ",,: S, -. Sl'12) - sot)) ; In 
Appendtx C we define' ud we IlIve an expUclt IdenttncatJoo 0( 

53 (given by B) with 1111 boundary poInt" Identified) wtth the ele­
mente of R (2) . With tIIltI ldenUrtcatlon. II) III the IdeotSty map 
and deg/h,,) - II . 
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