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FIG. 7. Line delects in nematics. This photograph has been made by M. Kléman. Here we see clearly two kinds of line defects:
the thin lines, which represent topologically stable defects (index t 1/2), and the thick lines with bright sides, which represent
topologically unstable defects with a probable Index * 1, We have delined in Fin, 26 the Brouwer degree ol a map S, — S it is
very intultive in the simplest case S, & §,, since degree (h) I8 the algebraic number of turns on the circle S, of the image A(¢)
when the azimuth ¢ makes one positive turn (from 0 to 2v). Simlilarly one defines the Index of the zero vlxy) of a continuous
vector fleld on a two-dimensional surface: in any local coordinate system in the neighborhood of x 4, it Is the degree of the cor-
respondence h: azimuth of x (near xy) — azimuth of v (x); these two azimuths are defined modulo 2x, In the case of a fleld of
digectors n(x), correspunding to the local ortentation (in a plane) of a nematic, the azimuth of n(x) Iy dellned modulo » and the
custom in physics Is W define the index of a zero n(xg) multiples of 1/2. Examples of Index 1/2, -1/2, 1, and -1 are given In
Fig. 7¢)), 7e), 7d), and 7(e), respectively. These figures represent the field of orlentation of & m.mauc near a line defect and
- o meammandinudar to it The index Is conserved when the perpendicular plane L8 moved along the line defect, It ts a good
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w(lG-H)) =‘; there are no wall defecta. This is the
case (or superfluid states and more generally for all
liquld or liquid crystal phases; as a general rule singu-
larity surfaces in liquid do not seem to be stable, as is
predicted by the homotopy classification for mesomor-
phic phases made with chiral molecules, In these cases
the Isotropic liquid phase has a rotating power for opti-
cal polarization, so ils symmetry group cannot contain
reflections: it is E (3), the connected Euclidian group,
generated by rotations and translations. These opti-
cally active chemical compounds often have chiral
mesomorphic phases (chiral smectic C or cholesterics),
whose rotating power can be larger by several orders
of magnitude than that of the isotropic phases. Homo-
topic classification would predict wall defects if non-
chiral molecules |G - E(3), e.g., racemlics| could form
chiral phases [i.e., with a global symmetry group H

< E,(3)]. No such phases have yet been observed: they
seem to be fundamentally unatable, The situation is
very different for crystals. Crystal atoms or lons have
no chirallty, Among the 230 crystallographic classes in
three dimensions, 65 correspond to crystallographic
groups /i < E (3) |]among these 685 there are 11 pairs of
isomorphic groups, conjugate in Aff(3) but not in
Alf,(3)]. Crystals belonging to these 85 crystallographic
classes do have topologically stable wall defects, called
“twin boundaries’: indeed they annihilate by pairs as
required by n ([E(3):H ] =2Z,.

We define at the end of Sec. II. A “topologically stable
configurations.” The continuous function &:V =[G : H|,
describing the local states of the medium in the volume
V, 18 defined everywhere on V but it is not homotopic
to a constant. This can happen when the domain V oc-
cupied by the phase is not contractible—for instance,
if V is the volume between two coaxial vertical cylin-
ders, bounded by two horizontal planes, Consider this
volume filled with a nematic whose molecular long axis
(the director) is horizontal and everywhere orthogonal
to the horizontal radial direction: hence on the bound-
ary @V this axis is tangential; this is actually the case
in many physical situations where the nematic mole-
cules prefer to be parallel to the wall of the container,
We have described a configuration; it Is topologically
stable and has no defects. If V is contractible, we have
proved, in the same fashion as Eq. (29), that every con-
tinuous function V% X, valued in an arbitrary topologi-
cal space X, is homotopic to a constant. This would
exclude the existence of topologically stable configura-
tions if we were not imposing some houndary condi-
tions (making V equivalent to a noncontractible space)
which are naturally suggested by physics. Here we de-
fine and discuss what we shall call the “normal” con-
figurations: those which may exist inslde an ordered
medium otherwise in a perfect state, Consider a (con-
tractible) domain V occupied by an ordered phase in a
perfect state everywhere outside a ball B, of radius a,
so that the function ¢:V - [G:H | describing the local
states I8 constant on V- B. Of course V can be ex-
tended (continuously) over B with the same constant
value. Given a function &, constant on the boundary
3B, =5, of the ball B,, are there any ways to extend it
continuously inside B, which are not homotopic to the

constant? Since the ball B, with all points of its sur-
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FIG. 8. Example of a configuration In a two-dimensional “ne-
matic” vertically orlented outside the configuration. With the
origin of coordinates at the center of the figure, the orienta-
tion at the point r makes an angle /(») with the vertical, where
f10)=0 and ftr)ww for » >a, This configuration (s not topo-
logicallv stable; It can be continuously transformed back into
the perfect “nematic” vertically oriented. Note Indeed that
|G:H|-$|!ndwﬂ5ﬂ-l.

face identified, is homeomorphic to the sphere S,, the
homotopy classes of the continuous extensions of ¢ are
given by 7,((G:H|). For mesomorphic phases all the
7,([G:H|) are isomorphic to Z (see Table II).

Here is a classical construction of a configuration
belonging to the homotopy class n~ Z. Take as the
origin of coordinates the center of B,, the ball of
radius a. Choose a continuous function f(/) such that
f(0) =0 and f(t)=1 for 7 21; such a function can even be
infinitely differentiable, e.g.,

" {l_e.o’m.m 0st<1
1 1=t

(26)

Then, the position of the local state at the point r Is ob-
tained from that of the local state everywhere constant
in V - B, by a rotation of axis r and angle 2m/f(r/a).””

As Table 1l shows, the values of r, homotopy groups
predict no such configurations in superfluid *He but do
predict them for the two superfluid phases of *He.
These configurations may have been observed, but not
the line defects, yet.

¥'We have just defined smooth maps 5,59 P(R, 3) ~80(3).
The reader can easily verify, from the definition we gave of
the Brouwer degree In Ftn, 26, that deg (g, )=2n. Since §,
is the universal, double covering of P‘R.l.:l), the homotopy class
tsn. We could have defined g, - feh : S,-? SU(2) = SO(); In
Appendix G we define @ and we give an explicit identification of
S, (given by B, with all boundary points identified) with the ele-
ments of SU(2). With thie ldentification, h Is the identity map
and deg(h,) - n.
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